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PREFACE

What this book is about. The theory of sets is a vibrant, exciting mathematical
theory, with its own basic notions, fundamental results and deep open prob-
lems, and with significant applications to other mathematical theories. At the
same time, axiomatic set theory is often viewed as a foundation of mathematics:
it is alleged that all mathematical objects are sets, and their properties can be
derived from the relatively few and elegant axioms about sets. Nothing so
simple-minded can be quite true, but there is little doubt that in standard,
current mathematical practice, “making a notion precise” is essentially syn-
onymous with “defining it in set theory”. Set theory is the official language of
mathematics, just as mathematics is the official language of science.

Like most authors of elementary, introductory books about sets, I have
tried to do justice to both aspects of the subject.

From straight set theory, these Notes cover the basic facts about “abstract
sets”, including the Axiom of Choice, transfinite recursion, and cardinal and
ordinal numbers. Somewhat less common is the inclusion of a chapter on
“pointsets” which focuses on results of interest to analysts and introduces
the reader to the Continuum Problem, central to set theory from the very
beginning. There is also some novelty in the approach to cardinal numbers,
which are brought in very early (following Cantor, but somewhat deviously),
so that the basic formulas of cardinal arithmetic can be taught as quickly as
possible. Appendix A gives a more detailed “construction” of the real numbers
than is common nowadays, which in addition claims some novelty of approach
and detail. Appendix B is a somewhat eccentric, mathematical introduction
to the study of natural models of various set theoretic principles, including
Aczel’s Antifoundation. It assumes no knowledge of logic, but should drive
the serious reader to study it.

About set theory as a foundation of mathematics, there are two aspects of
these Notes which are somewhat uncommon. First, I have taken seriously
this business about “everything being a set” (which of course it is not) and
have tried to make sense of it in terms of the notion of faithful representation
of mathematical objects by structured sets. An old idea, but perhaps this
is the first textbook which takes it seriously, tries to explain it, and applies
it consistently. Those who favor category theory will recognize some of its
basic notions in places, shamelessly folded into a traditional set theoretical
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approach to the foundations where categories are never mentioned. Second,
computation theory is viewed as part of the mathematics “to be founded”
and the relevant set theoretic results have been included, along with several
examples. The ambition was to explain what every young mathematician or
theoretical computer scientist needs to know about sets.

The book includes several historical remarks and quotations which in some
places give it an undeserved scholarly gloss. All the quotations (and most
of the comments) are from papers reprinted in the following two, marvellous
and easily accessible source books, which should be perused by all students
of set theory:

Georg Cantor, Contributions to the founding of the theory of transfinite
numbers, translated and with an Introduction by Philip E. B. Jourdain, Dover
Publications, New York.

Jean van Heijenoort, From Frege to Gédel, Harvard University Press, Cam-
bridge, 1967.

How to use it. About half of this book can be covered in a Quarter (ten
weeks), somewhat more in a longer Semester. Chapters 1 — 6 cover the
beginnings of the subject and they are written in a leisurely manner, so that
the serious student can read through them alone, with little help. The trick
to using the Notes successfully in a class is to cover these beginnings very
quickly: skip the introductory Chapter 1, which mostly sets notation; spend
about a week on Chapter 2, which explains Cantor’s basic ideas; and then
proceed with all deliberate speed through Chapters 3 — 6, so that the theory
of well ordered sets in Chapter 7 can be reached no later than the sixth week,
preferably the fifth. Beginning with Chapter 7, the results are harder and the
presentation is more compact. How much of the “real” set theory in Chapters
7 — 12 can be covered depends, of course, on the students, the length of the
course, and what is passed over. If the class is populated by future computer
scientists, for example, then Chapter 6 on Fixed Points should be covered in
full, with its problems, but Chapter 10 on Baire Space might be omitted, sad
as that sounds. For budding young analysts, at the other extreme, Chapter
6 can be cut off after 6.27 (and this too is sad), but at least part of Chapter
10 should be attempted. Additional material which can be left out, if time is
short, includes the detailed development of addition and multiplication on the
natural numbers in Chapter 5, and some of the less central applications of the
Axiom of Choice in Chapter 9. The Appendices are quite unlikely to be taught
in a course (I devote just one lecture to explain the idea of the construction
of the reals in Appendix A), though I would like to think that they might be
suitable for undergraduate Honors Seminars, or individual reading courses.

Since elementary courses in set theory are not offered regularly and they
are seldom long enough to cover all the basics, I have tried to make these
Notes accessible to the serious student who is studying the subject on their
own. There are numerous, simple Exercises strewn throughout the text, which
test understanding of new notions immediately after they are introduced. In
class I present about half of them, as examples, and I assign some of the rest
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for easy homework. The Problems at the end of each chapter vary widely in
difficulty, some of them covering additional material. The hardest problems
are marked with an asterisk (*).

Acknowledgments. I am grateful to the Mathematics Department of the
University of Athens for the opportunity to teach there in Fall 1990, when 1
wrote the first draft of these Notes, and especially to Prof. A. Tsarpalias who
usually teaches that Set Theory course and used a second draft in Fall 1991;
and to Dimitra Kitsiou and Stratos Paschos for struggling with PCs and laser
printers at the Athens Polytechnic in 1990 to produce the first “hard copy”
version. I am grateful to my friends and colleagues at UCLA and Caltech
(hotbeds of activity in set theory) from whom I have absorbed what I know of
the subject, over many years of interaction. I am especially grateful to my wife
Joan Moschovakis and my student Darren Kessner for reading large parts of
the preliminary edition, doing the problems and discovering a host of errors;
and to Larry Moss who taught out of the preliminary edition in the Spring
Term of 1993, found the remaining host of errors and wrote out solutions to
many of the problems.

The book was written more-or-less simultaneously in Greek and English, by
the magic of bilingual IZTEXand in true reflection of my life. I have dedicated it
to Prof. Nikos Kritikos (a student of Caratheodory), in fond memory of many
unforgettable hours he spent with me back in 1973, patiently teaching me how
to speak and write mathematics in my native tongue, but also much about the
love of science and the nature of scholarship. In this connection, I am also
greatly indebted to Takis Koufopoulos, who read critically the preliminary
Greek version, corrected a host of errors and made numerous suggestions
which (I believe) improved substantially the language of the final Greek draft.

Palaion Phaliron, Greece November 1993

About the 2nd edition. Perhaps the most important changes I have made
are in small things, which (I hope) will make it easier to teach and learn from
this book: simplifying proofs, streamlining notation and terminology, adding
a few diagrams, rephrasing results (especially those justifying definition by
recursion) to ease their applications, and, most significantly, correcting errors,
typographical and other. For spotting these errors and making numerous,
useful suggestions over the years, I am grateful to Serge Bozon, Joel Hamkins,
Peter Hinman, Aki Kanamori, Joan Moschovakis, Larry Moss, Thanassis
Tsarpalias and many, many students.

The more substantial changes include:

— A proof of Suslin’s Theorem in Chapter 10, which has also been signifi-
cantly massaged.

— A better exposition of ordinal theory in Chapter 12 and the addition of
some material, including the basic facts about ordinal arithmetic.



X PREFACE

— The last chapter, a compilation of solutions to the Exercises in the
main part of the book — in response to popular demand. This eliminates the
most obvious, easy homework assignments, and so I have added some easy
problems.

I am grateful to Thanos Tsouanas, who copy-edited the manuscript and
caught the worst of my mistakes.

Palaion Phaliron. Greece July 2005
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CHAPTER 1

INTRODUCTION

Mathematicians have always used sets, e.g., the ancient Greek geometers
defined a circle as the set of points at a fixed distance r from a fixed point C,
its center. But the systematic study of sets began only at the end of the 19th
century with the work of the great German mathematician Georg Cantor,
who created a rigorous theory of the concept of completed infinite by which
we can compare infinite sets as to size. For example, let

N={0,1,...} = the set of natural numbers,
Z=A{...,-1,0,1,...} = the set of rational integers,
Q = the set of rational numbers (fractions),

R = the points of a straight line,

where we also identify R with the set of real numbers, each point associated
with its (positive or negative) coordinate with respect to a fixed origin and
direction. Cantor asked if these four sets “have the same (infinite) number
of elements”, or if one of them is “more numerous” than the others. Before
we make precise and answer this question in the next chapter, we review here
some basic, well-known facts about sets and functions, primarily to explain
the notation we will be using.

What are sets, anyway? The question is like “what are points”, which Euclid
answered with

a point is that which has no parts.

This is not a rigorous mathematical definition, a reduction of the concept of
“point” to other concepts which we already understand, but just an intuitive
description which suggests that a point is some thing which has no extension
in space. Like that of point, the concept of set is fundamental and cannot be
reduced to other, simpler concepts. Cantor described it as follows:

By a set we are to understand any collection into a whole of definite
and separate objects of our intuition or our thought.

Vague as it is, this description implies two basic properties of sets.

1. Every set 4 has elements or members. We write
x € A <= the object x is a member of (or belongs to) 4.

1
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2. A set is determined by its members. i.e.. if A4, B are sets, then!
A =B <= A and B have the same members (1-1)
<« (Vx)[x €4 <= xc B].

This last is the Extensionality Property. For example, the set of students in
this class will not change if we all switch places, lie down or move to another
classroom; this set is completely determined by who we are, not our posture
or the places where we happen to be.

Somewhat peculiar is the empty set () which has no members. The exten-
sionality property implies that there is only one empty set.

If A and B are sets, we write

ACB <= (Vx)[x e A= x € B],
and if 4 C B, we call 4 a subset of B, so that for every B,
< B, BCB.
A proper subset of B is a subset distinct from B,
ACB < [AC B&A +# B].
From the extensionality property it follows that for all sets 4, B,
A=B <— ACB&BC A.

We have already used several different notations to define specific sets and
we need still more, e.g.,

A={ay,ay,....a,}

is the (finite) set with members the objects aj, a. ..., a,. If P is a condition
which specifies some property of objects, then

A={x|P(x)}
is the set of all objects which satisfy the condition P, so that for all x,
x €A < P(x).
For example, if
P(x) <= x ¢ N&xiseven,

then {x | P(x)} is the set of all even. natural numbers. We use a variant of this
notation when we are only interested in “collecting into a whole” members of
a given set A which satisfy a certain condition:

{xed|P(x)} =g {x|x€A4&P(x)}.

'We will use systematically, as abbreviations, the logical symbols
& :and, V:or, - :not, = :implies, <= :if and only if,

V : for all, 3 : there exists, 3! : there exists exactly one.
The symbols =4 and <=4 are read “equal by definition” and “equivalent by definition”.
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AUB ANB A\ B
FIGURE 1.1. The Boolean operations.

so that, for example, {x € N | x > 0} is the set of all non-zero natural
numbers, while {x € R | x > 0} is the set of all positive real numbers.
For any two sets” 4. B,
AUB={x|x€AVxe B} (theunionofA4,B),
ANB={x€A|x¢€ B} (the intersection of 4, B),
A\B={xe€A|x ¢ B} (the difference of 4, B).
These “Boolean operations” are illustrated in the so-called Venn diagrams of

Figure 1.1, in which sets are represented by regions in the plane. The union
and the intersection of infinite sequences of sets are defined in the same way,

UnZodn = AoU A1 U+ = {x | (3n € N)[x € 4,]}.
NoZpdn=AoNA1N---={x|(Vn € N)[x € 4,]}.
Two sets are disjoint if their intersection is empty,
A is disjoint from B <= AN B = .
We will use the notations
f:X—=Y or A ENy

to indicate that f is a function which associates with each member x of the
set X, the domain of / some member f (x) of the range Y of f. Functions
are also called mappings, operations, transformations and many other things.
Sometimes it is convenient to use the abbreviated notation (x — f(x)) which
makes it possible to talk about a function without officially naming it. For
example,
(x —x2+1)

is the function on the real numbers which assigns to each real its square
increased by 1; if we call it /', then it is defined by the formula

fx)=x*+1 (x€R)

2In “mathematical English”, when we say “for any two objects x, ™, we do not mean that
necessarily x # y. e.g.. the assertion that “for any two numbers x, y, (x + y)? = x2 4 2xy + 2~
implies that “for every number x, (x + x)? = x% + 2xx + x>”.
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sothat £(0) = 1, f(2) = 5. etc. But we can say “all the values of (x — x?41)
are positive reals” without necessarily fixing a name for it, like f.

Two functions are equal if they have the same domain and they assign the
same value to every member of their common domain,

f=g = (WxeX)f(x)=¢glx)] (/X =Y g:X—ZxecX).
In connection with functions we will also use the notations
f:X — Y <=4 f isan injection (one-to-one)
= Wx.x' e X)[f(x)=f(x)=x=x].

f:X — Y <=4 [ isasurjection (onto)
= (VyeY)@xeX)f(x) =yl

f X Y <=y f isabijection or a correspondence
— (VyeY)3xeX)[f(x)=y]
Forevery f : X — Y and 4 C X, the set
flA]l =ar {f (%) | x € 4}
is the image of 4 under f, and if B C Y, then
fT'Bl=a{xeX|[f(x)eB}
is the pre-image of B by f.

If f is a bijection, then we can define the inverse function f~! : ¥ — X by
the condition

[T =x = flx)=.
and then the inverse image f ~![B] (as we defined it above) is precisely the
image of B under f .
The composition
h=4agf X —Z
of two functions
X—=Y=Z
is defined by
h(x)=g(f(x)) (x€X).
It is easy to prove many basic properties of sets and functions using only
these definitions and the extensionality property. For example,
AUB=BUA,
because, for any x,
x€AUB < xcAdorxeB
< x€Borxe4d
< x€BUA.

In some cases, the logic of the argument gets a bit complex and it is easier
to prove an identity U = V by verifying separately the two implications
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xeU=xeVandx € V=x € U. Forexample, if f : X — Y and
A, B C X, then

14U B] = f[A]U f[B].
To prove this, we show first that

x € fl[AUB]l=x € f[A]U f[BI
this holds because if x € f[4 U B], then there is some y € 4 U B such that
x = f(y);andif y € 4, then x = f(y) € f[4] C f[A]U f[B]. while if
y € B.then x = f(y) € f[B] C f[A]U f[B]. Next we show the converse
implication, that

x € f[A]U f[B]=x € f[4 U B];
this holds because if x € f[A4], then x = f(y) forsome y € 4 C AU B, and
sox € f[AU B]. whileif x € f[B]. then x = f(y) forsomey € BC AUB,
and so, again, x € f[4 U B].

Problems for Chapter 1

x1.1. For any three sets 4, B, C,
AU(BNC)=(AUB)N(4AUC),
AN(BUC)=(ANB)U(ANC),
A\(ANB)=A4\B.

x1.2. (De Morgan’s laws) For any three sets 4, B, C,
C\(AUB)=(C\A4A)Nn(C\B).
C\(ANnB)=(C\A4)U(C\ B).

x1.3. (De Morgan’s laws for sequences) For any set C and any sequence of
sets {4, }n = Ao. 41, . ...

C\ (U,40) =N, (C\ 4,).
C \ (ﬂnAn) = Un(c \An)~

x1.4. For every injection f : X »— Y, andall 4, B C X,
S1AN Bl = f[4]N f[B].
SIA\ B] = f14]\ f[BI.
Show also that these identities do not always hold if f is not an injection.
x1.5. Forevery f : X — Y,andall4,B C Y,
S7AuU Bl = 74U £ [B].
S7Aan Bl = /7410 £ (Bl
STAN Bl =41\ ST [B].
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x1.6. Forevery f : X — Y and all sequences of sets 4, C X, B, C Y,
FHURZeBal = U2 f T [Bal.
SN B = N2/~ (Bl
SlUSe4n] = U2/ 14n].
x1.7. For every injection f : X — Y and every sequence of sets 4,, C X,
SINZo4n] = N,Z0 f TAn]-

x1.8. The composition of injections is an injection, the composition of sur-
jections is a surjection, and hence the composition of bijections is a bijection.



CHAPTER 2

EQUINUMEROSITY

After these preliminaries, we can formulate the fundamental definitions of
Cantor about the size or cardinality of sets.

2.1. Definition. Two sets 4. B are equinumerous or equal in cardinality if there
exists a (one-to-one) correspondence between their elements, in symbols
A =. B <df (Hf)[f tA > B]

This definition of equinumerosity stems from our intuitions about finite
sets, e.g., we can be sure that a shoe store offers for sale the same number
of left and right shoes without knowing exactly what that number is: the
correspondence of each left shoe with the right shoe in the same pair estab-
lishes the equinumerosity of these two sets. The radical element in Cantor’s
definition is the proposal to accept the existence of such a correspondence as
the characteristic property of equinumerosity for all sets, despite the fact that
its application to infinite sets leads to conclusions which had been viewed as
counterintuitive. A finite set, for example, cannot be equinumerous with one
of its proper subsets, while the set of natural numbers N is equinumerous with
N\ {0} via the correspondence (x — x + 1),

{0,1,2,...} =, {1.,2.3,... }.
In the real numbers, also,
(0,1) = (0,2)
via the correspondence (x — 2x), where as usual, for any two reals a < f8
(a.f)={xeR|a<x<p}.
We will use the analogous notation for the closed and half-closed intervals

[, B. [e. B). ete.
2.2. Proposition. For all sets A, B, C,

A= A
if A=, B, then B =, A,
if (A=.B&B =.C), then A=, C.

Proor. To show the third implication as an example, suppose that the
bijections f : 4 —» B and g : B —» C witness the equinumerosities of the
hypothesis; their composition g f : A —» C then witnesses that A =. C. -

7
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FIGURE 2.1. Deleting repetitions.

2.3. Definition. The set A is less than or equal to B in size if it is equinumerous
with some subset of B, in symbols:

A<.B < (3C)[C CB& A= C].

2.4. Proposition. 4 <, B < (3f)[f : A — B].

Proor. If 4 =, C C B and f : A —» C witnesses this equinumerosity,
then f is an injection from A4 into B. Conversely, if there exists an injection
f : A — B, then the same f is a bijection of 4 with its image f[A4], so that
A=, f[A] € B and so A <, B by the definition. o

2.5. Exercise. For all sets A, B, C,
A< A
if (A<.B&B <.C), then A<, C.

2.6. Definition. A set A is finite if there exists some natural number n such
that

A= {ieN|i<n}={0.1.....n—1},

otherwise A is infinite. (Thus the empty set is finite, since ) = {i € N| i < 0}.)
A set A4 is countable if it is finite or equinumerous with the set of natu-

ral numbers N, otherwise it is uncountable. Countable sets are also called

denumerable, and correspondingly, uncountable sets are non-denumerable.

2.7. Proposition. The following are equivalent for every set A:
(1) A4 is countable.
(2) A <. N.
(3) Either A = 0, or A has an enumeration, a surjection m : N —» A, so that
A = n[N] = {=(0),z(1),=(2),... }.

PrROOF. We give what is known as a “round robin proof™.

(1) = (2). If 4 is countable, then either 4 =, {i € N| i < n} for some n
or A =, N, so that, in either case, 4 =, C for some C C Nand hence 4 <. N.

(2) = (3). Suppose 4 # ), choose some x; € 4, and assume by (2) that
f A N. Foreachi € N, let

o [ ifi ¢ f[A].
n(i) = i), otherwise, i.e..ifi € f[A4].
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The definition works (because f is an injection, and so f~'(i) is uniquely
determined in the second case), and it defines a surjection  : N —» A, because
Xo € A and forevery x € 4, x = n(f(x)).

(3) = (1). If A4 is finite then (1) is automatically true, so assume that
A is infinite but it has an enumeration 7 : N — 4. We must find another
enumeration f : N — A which is without repetitions, so that it is in fact a
bijection of N with 4. and hence 4 =, N. The proof is suggested by Figure
2.1: we simply delete the repetitions from the given enumeration 7 of 4. To
get a precise definition of f by recursion, notice that because A4 is not finite,

for every finite sequence ay, . . . , @, of members of A there exists some m such
that z(m) ¢ {ao. ... .a,}. Set
£(0) ==(0),

m,, = the least m such that z(m) ¢ {(0),... . f(n)}.
f(n+1) =a(m,).
It is obvious that f is an injection, so it is enough to verify that every x € 4
is a value of ', i.e., that for every n € N, n(n) € f[N]. This is immediate for
0, since z(0) = f(0). If x = n(n + 1) for some n and x € {f(0),.... f(n)},
then x = /(i) forsomei < n;andifx ¢ {f(0).... . f(n)}. thenm, =n+1
and f(n + 1) = n(m,) = x by the definition. -

2.8. Exercise. If A is countable and there exists an injection f : B — A, then
B is also countable; in particular, every subset of a countable set is countable.

2.9. Exercise. If A is countable and there exists a surjection f : A — B, then
B is also countable.

The next, simple theorem is one of the most basic results of set theory.

2.10. Theorem (Cantor). For each sequence Ay, A1, ... of countable sets, the
union

A=U2pAn=A)UA U...
is also a countable set.
In particular, the union A U B of two countable sets is countable.
Proor. The second claim follows by applying the first to the sequence

A B.B.---

For the first, it is enough (why?) to consider the special case where none
of the A4, is empty, in which case we can find for each 4, an enumeration
7" N — A4,. If we let

al =n"(i)
to simplify the notation, then for each n
A, ={ay.af....}.

and we can construct from these enumerations a table of elements which lists
all the members of the union 4. This is pictured in Figure 2.2, and the arrows
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FIGURE 2.2. Cantor’s first diagonal method.

in that picture show how to enumerate the union:

A={ad.a}.a?. a3.al....}. -

2.11. Corollary. The set of rational (positive and negative) integers
Z={..-2,-1,0,1.2,...}

is countable.

Proor. Z =NU{—1,-2,... .} and the set of negative integers is countable
via the correspondence (x — —(x + 1)). =

2.12. Corollary. The set Q of rational numbers is countable.

Proor. The set Q" of non-negative rationals is countable because
m
@t =Uz " Imeny

and each {” | m € N} is countable via the enumeration (m — ). The set
Q~ of negative rationals is countable by the same method, and then the union
Q" UQ is countable. -

This corollary was Cantor’s first significant result in the program of classifi-
cation of infinite sets by their size, and it was considered somewhat “paradoxi-
cal” because Q appears to be so much larger than N. Immediately afterwards,
Cantor showed the existence of uncountable sets.

2.13. Theorem (Cantor). The set of infinite, binary sequences
A= {(ap.ai,....)| Vi)la; =0V a =1]}
is uncountable.

PRrOOF. Suppose (towards a contradiction) that A is countable, so there
exists an enumeration

A={ag.ay,...},
where for each n,
a, = (af.af,...)
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Qp - ag a? ag
ap : al  al dl
 : a a4 a3

FIGURE 2.3. Cantor’s second diagonal method.

is a sequence of 0’s and 1s.> We construct a table with these sequences as

before, and then we define the sequence f by interchanging 0 and 1 in the

“diagonal” sequence al. a}. .. .:

Bln) =1 ap.
It is obvious that for each «,,, f # «,, since

ﬁ(fl) =1-a,(n) # a,(n).

so that the sequence «y, 1, ... does not enumerate the entire A, contrary to
our hypothesis. -
2.14. Corollary (Cantor). The set R of real numbers is uncountable.

ProOOF. We define first a sequence of sets Cy, Cy., . .. , of real numbers which
satisfy the following conditions:

1. Cp =[0,1].

2. Each C, is a union of 2" closed intervals and
COZ_)CI 2. Cn anJrl 2.

3. Cpy1 is constructed by removing the (open) middle third of each interval
in C,, i.e., by replacing each [a, b] in C,, by the two closed intervals

Lla.b]=[a.a + ;(b —a)l.
Rla.b] =[a + i(b —a).b].

With each binary sequence 0 € A we associate now a sequence of closed
intervals,
F).FY.....

3To prove a proposition @ by the method of reduction to a contradiction, we assume its negation
=6 and derive from that assumption something which violates known facts, a contradiction,
something absurd: we conclude that 6 cannot be false, so it must be true. Typically we will begin
such arguments with the code-phrase towards a contradiction, which alerts the reader that the
supposition which follows is the negation of what we intend to prove.
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C
N J M
Cs

FIGURE 2.4. The first four stages of the Cantor set construction.

by the following recursion:

F§ =Co =[0.1].
o LF?, if5(n) =0,
LT RFOifS(n) = 1.

ne

By induction, for each . F? is one of the closed intervals of C, of length 37"
and obviously

FgQFfSQ---,

so by the fundamental completeness property of the real numbers the intersec-
tion of this sequence is not empty; in fact, it contains exactly one real number,
call it

f(0) = the unique element in the intersection () 2 F?.

The function f maps the uncountable set A into the set
c=N ;O:ocna

the so-called Cantor set, so to complete the proof it is enough to verify that
/f is one-to-one. But if » is the least number for which d(n) # e(n) and (for
example) §(n) = 0, we have F? = F¢ from the choice of n,

f©)eF,=LF. f(e) € FS,; = RF?, and LF N RF? = 0,

so that indeed f is an injection. =

The basic mathematical ingredient of this proof is the appeal to the com-
pleteness property of the real numbers, which we will study carefully in Ap-
pendix A. Some use of a special property of the reals is necessary: the rest
of Cantor’s construction relies solely on arithmetical properties of numbers
which are also true of the rationals, so if we could avoid using completeness
we would also prove that Q is uncountable, contradicting Corollary 2.12.

The fundamental importance of this theorem was instantly apparent, the
more so because Cantor used it immediately in a significant application to the
theory of algebraic numbers. Before we prove this corollary we need some
definitions and lemmas.

2.15. Definition. For any two sets A4, B, the set of ordered pairs of members
of A and members of B is denoted by

AxB={(x.y)|x€ A&y € B}.
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In the same way, for each n > 2,

Ay x - X Ay ={(x1,....x0) | x1 € Ay,... . x5 € Ay},
A" ={(x1.....x0) | X1,... . x, € A}.

We call 4| x --- x A, the Cartesian product of A}, ..., 4,.

2.16. Lemma. (1) If A1, ..., A, are all countable, so is their Cartesian product
Ay X - X Ay
(2) For every countable set A, each A" (n > 2) and the union

U A"={(x1.....x,) | n>2,x1.....x, € A}

are all countable.

Proor. (1) If some A4; is empty, then the product is empty (by the definition)
and hence countable. Otherwise, in the case of two sets 4, B, we have some
enumeration

B ={by,by,...}
of B, obviously
Ax B =J,2(4 x {bu}),

and each 4 x {b,} is equinumerous with 4 (and hence countable) via the
correspondence (x — (x,b,)). This gives the result for n = 2. To prove the
proposition for all n > 2, notice that

Ap X oo X Ay X Apyy =¢ (A1 X - X Ay) X Apy
via the bijection

flar.....an.an1) = ((ar1.... .ay). ans1).

Thus, if every product of n > 2 countable factors is countable, so is every
product of n + 1 countable factors, and so (1) follows by induction.

(2) Each A" is countable by (1). and then (J~,4" is also countable by
another appeal to Theorem 2.10. o

2.17. Definition. A real number « is algebraic if it is a root of some polynomial
P(x)=ao+aix+ -+ a,x"
with integer coefficients ay. ... ,a, € Z (n > 1,a, # 0), i.e., if
P(a) = 0.

Typical examples of algebraic numbers are v/2. (1 + v/2)? (why?) but also
the real root of the equation x> + x + 1 = 0 which exists (why?) but cannot be
expressed in terms of radicals, by a classical theorem of Abel. The basic fact
(from algebra) about algebraic numbers is that a polynomial of degree n > 1
has at most n real roots; this is all we need for the next result.

2.18. Corollary. The set K of algebraic real numbers is countable (Cantor), and
hence there exist real numbers which are not algebraic (Liouville).
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Proor. The set IT of all polynomials with integer coefficients is countable,
because each such polynomial is determined by the sequence of its coefficients,
so that IT can be injected into the countable set | J~, Z". For each polynomial
P(x), the set of its roots

A(P(x)) ={a | P(a) = 0}
is finite and hence countable. It follows that the set of algebraic numbers K is
the union of a sequence of countable sets and hence it is countable. =

This first application of the (then) new theory of sets was instrumental
in ensuring its quick and favorable acceptance by the mathematicians of the
period, particularly since the earlier proof of Liouville (that there exist non-
algebraic numbers) was quite intricate. Cantor showed something stronger,
that “almost all” real numbers are not algebraic, and he did it with a much
simpler proof which used just the fact that a polynomial of degree n cannot
have more than n real roots, the completeness of R, and, of course, the new
method of counting the members of infinite sets.

So far we have shown the existence of only two “orders of infinity”, that of
N—the countable, infinite sets—and that of R. There are many others.

2.19. Definition. The powerset P(A) of a set A is the set of all its subsets,
P(A)={X | Xisasetand X C A4}.
2.20. Exercise. For all sets A, B,
A=, B=P(A4) =. P(B).
2.21. Theorem (Cantor). For every set A,
A <. P(A).

ie., A <. P(A) but A #. P(A); in fact there is no surjectionw : A — P(A).

Proor. That 4 <, P(A) follows from the fact that the function

(x = {x})

which associates with each member x of A its singleton {x} is an injection.
(Careful here: the singleton {x} is a set with just the one member x and it is
not the same object as x, which is probably not a set to begin with!)

To complete the proof, we assume (towards a contradiction) that there
exists a surjection

n:A— P(A),
and we define the set
B={x€Ad|x¢n(x)}
so that for every x € 4,
X €B < x ¢ rn(x). (2-1)
Now B is a subset of 4 and =« is a surjection, so there must exist some b € A4
such that B = n(b); and setting x = b and z(b) = B in (2-1), we get
beB < b¢B



CHAPTER 2. EQUINUMEROSITY 15

which is absurd. =

So there are many orders of infinity, and specifically (at least) those of the
sets

N <. P(N) <. P(P(N)) <. ---.

If we name these sets by the recursion

To = N,

Ty = P(T,). 2-2)

then their union 7, = |J ;O:O T, has a larger cardinality than each T;,, Problem
x2.8. The classification and study of these orders of infinity is one of the central
problems of set theory.

Somewhat more general than powersets are function spaces.

2.22. Definition. For any two sets 4, B,

(A= B)=a{f|f:4— B}
= the set of all functions from A4 to B.
2.23. Exercise. IfA] =c Az and B] =c Bz, then (A] — Bl) =c (Az i Bz).
Function spaces are “generalizations” of powersets because each subset

X C A can be represented by its characteristic function cx : A — {0, 1},

[lifrednyx

”“”—{QﬁteA\x (1 € A). (2-3)

We can recover X from cy,
X={teAd]|cx(t)=1}.

and so the mapping (X — cy) is a correspondence of P(A4) with (4 — {0, 1}).
Thus

(4 —{0.1}) = P(4) >, 4. (2-4)

and the function space operation also leads to large, uncountable sets. The
next obvious problem is to compare for size these uncountable sets, starting
with the two simplest ones, P(N) and the set R of real numbers.

2.24. Lemma. P(N) <, R.

Proor. It is enough to prove that P(N) <. A, since we have already shown
that A <. R. This follows immediately from (2-4), as A = (N — {0,1}).



16 NOTES ON SET THEORY

A B
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g[Bo]
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g S1A1]
A* B*

FIGURE 2.5. Proof of the Schroder-Bernstein Theorem.

2.25. Lemma. R <. P(N).

ProOOF. It is enough to show that R <. P(Q), since the set of rationals Q is
equinumerous with N and hence P(N) =, P(Q). This follows from the fact
that the function

x—ax)={g€Qlg<x}CQ

is an injection, because if x < y are distinct real numbers, then there exists
some rational ¢ between them, x < ¢ < y and ¢ € n(y) \ n(x). -

With these two simple Lemmas, the equinumerosity R =, P(N) will follow
immediately from the following basic theorem.

2.26. Theorem (Schroder-Bernstein). For any two sets A, B,
ifA<.Band B <, A, then A =, B.
PrOOF.* We assume that there exist injections
f:A— B g:B— A,
and we define the sets 4,,, B, by the following recursive definitions:

Ao = A, BO = B,
An+1 = gf[An]a Bn+1 = fg[Bn]:

4A different proof of this theorem is outlined in Problems x4.26, x4.27.
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where fg[X]= {f(g(x)) | x € X} and correspondingly for the function g 1.
By induction on n (easily)

Ay 2 g[Bu] 2 Apy1.
B, 2 f144] 2 By,
so that we have the “chains of inclusions”
Ao 2 g[Bo] 2 A1 2 g[B1] 245 .
By 2 flA0]l 2 B1 2 flA1]2 By~
We also define the intersections
=NyoAn. B* =1,%Bu.
so that
= NZoBr 2 N2/ 14x] 2 N2 Bust = B
and since f is an injection, by Problem x1.7,
fIA7 1= fIN204n]l = N2 f[4a] = B
Thus f is a bijection of 4* with B*. On the other hand,
A=A4"U (4o \ g[Bo]) U (g[Bo] \ 41) U (41 \ g[B1]) U (g[B1]\ 42) ...
B =B"U(By\ f[4o]) U (f[40]\ B1) U (Bi\ f[Ai]) U (f[A1]\ B2)...

and these sequences are separated, i.c., no set in them has any common element
with any other. To finish the proof it is enough to check that for every =,

S1A4n\ g[Bu]l = f[A4n] \ Butr.
g[Bn \ f[An]] = g[Bn] \ Api,
from which the first (for example) is true because f is an injection and so

(4 \ g[Bull = f1An]\ f8[Bu] = fAu]\ Bus1.
Finally we have the bijection 7 : 4 — B,
f(x), ifxecAd*or(@n)xcA, \g B,]1.
n(x) = {g‘l(x), if x ¢ A* and (3n)[x € g[B,] \ 4ns
which verifies that 4 =, B and finishes the proof. -

Using the Schroder-Bernstein Theorem we can establish easily several equinu-
merosities which are quite difficult to prove directly.

Problems for Chapter 2

x2.1. For any a < f where «, f§ are reals, co or —oo, construct bijections
which prove the equinumerosities

(a, ﬂ) = (0, 1) =R
*x2.2. For any two real numbers o < 8, construct a bijection which proves the
equinumerosity

[oe. B) =¢ [a. Bl =c R.
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x2.3. P(N) =. R =. R”, for every n > 2.

x2.4. For any two sets 4, B. (4 — B) <. P(4 x B). HINT. Represent each
f : A — B by its graph, the set

Gr={(x.y)€edxB|y=f(x)}
x2.5. (N — N) =, P(N).
*x2.6. (N—R) =, R.
*x2.7. For any three sets 4, B, C,
(AxB)—C)=,(4— (B— Q)).

HINT. Forany p: Ax B — C. definen(p) =q: 4 — (B — C) by the
formula

q(x)(y) = p(x.»).
x2.8. Using the definition (2-2), for every m,
T <c Too = U720 Tn-

You need to know something about continuous functions to do the last two
problems.

*x2.9. The set C[0, 1] of all continuous, real functions on the closed interval
[0, 1] is equinumerous with R.

*x2.10. The set of all monotone real functions on the closed interval [0, 1] is
equinumerous with R.



CHAPTER 3

PARADOXES AND AXIOMS

In the preceding chapter we gave a brief exposition of the first, basic results
of set theory, as it was created by Cantor and the pioneers who followed him
in the last twenty five years of the 19th century. By the beginning of the 20th
century, the theory had matured and justified itself with diverse and significant
applications, especially in mathematical analysis. Perhaps its greatest success
was the creation of an exceptionally beautiful and useful transfinite arithmetic,
which introduces and studies the operations of addition, multiplication and
exponentiation on infinite numbers. By 1900, there were still two fundamental
problems about equinumerosity which remained unsolved. These have played
adecisive role in the subsequent development of set theory and we will consider
them carefully in the following chapters. Here we just state them, in the form
of hypotheses.

3.1. Cardinal Comparability Hypothesis.’> For any two sets A. B. either A <. B
or B <. A.

3.2. Continuum Hypothesis. There is no set of real numbers X with cardinality
intermediate between those of N and R, i.e.,

(CH) (VX CR)[X <. NV X =, R].

Since R =, P(N), CH is a special case of the Generalized Continuum Hypoth-
esis, the statement that for every infinite set A4,

(GCH) (VX CPA))X <c AV X = P(4)].

If both of these hypotheses are true, then the natural numbers N and the reals
R represent the two smallest “orders of infinity”: every set is either countable,
or equinumerous with R, or strictly greater than R in cardinality.

In this beginning “naive” phase, set theory was developed on the basis of
Cantor’s definition of sets quoted in Chapter 1, much as we proved its basic
results in Chapter 2. If we analyze carefully the proofs of those results, we

SCantor announced the “theorem of comparability of cardinals” in 1895 and in 1899 he
outlined a proposed proof of it in a letter to Dedekind, which was not, however, published until
1932. There were problems with that argument and it is probably closer to the truth to say that
until 1900 (at least) the question of comparability of cardinals was still open.

19
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will see that they are all based on the Extensionality Property (1-1) and the
following simple assumption.

3.3. General Comprehension Principle. For each n-ary definite condition P,
there is a set

A={¥|P(¥)}
whose members are precisely all the n-tuples of objects which satisfy P(X). so
that for all X,
X¥Cc A < P(X). (3-1)

The extensionality principle implies that at most one set 4 can satisfy (3-1),
and we call this 4 the extension of the condition P.

3.4. Definite conditions and operations. It is necessary to restrict the compre-
hension principle to definite conditions to avoid questions of vagueness which
have nothing to do with science. We do not want to admit the “set”

A =4¢ {x | x is an honest politician},

because membership of some specific public figure in it may be a hotly debated
topic. An n-ary condition P is definite if for each n-tuple X = (x1.....x,) of
objects, it is determined unambiguously whether P(X) is true or false. For
example, the binary conditions P and S defined by
P(x,y) <=4 xisa parentof y,
S(s.t) <45 s and ¢ are siblings
—  (Ix)[P(x.5) & P(x.1)]
are both definite, assuming (for the example) that the laws of biology de-

termine parenthood unambiguously. The General Comprehension Principle
applies to them and we can form the sets of pairs

A =4 {(x.y) | x is a parent of y},
B =4 {(s.1) | s and ¢ are siblings}.

We do not demand of a definite condition that its truth value be effectively
determined. For example, it is a famous open problem of number theory
whether there exist infinitely many pairs of successive, odd primes, and the
truth or falsity of the condition

G(n) <=4 n € N& (Im > n)[m. m + 2 are both prime numbers]

is not known for sufficiently large n. Still the condition G is unambiguous
and we can use it to form the set of numbers

C =4 {n € N| (3m > n)[m, m + 2 are both prime numbers]}.

The twin primes conjecture asserts that C = N, but if it is false, then C is
some large, initial segment of the natural numbers.
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In the same way, an n-ary operation F is definite if it assigns to each n-tuple of
objects X a unique, unambiguously determined object w = F (X). For example,
assuming again that biology will not betray us, the operation

Flx) = the father of x, if x is a human,
4 otherwise,

is definite. The silly consideration of cases here was put in to ensure that F
determines a value for each argument x. In practice, we would define this
operation by the simpler

F(x) =g the father of x,

leaving it to the reader to supply some conventional, irrelevant value F (x) for
non-human x’s. Again, definite operations need not be effectively computable,
in fact the determination of the value F (x) is sometimes the subject of judicial
conflict in this specific case.

In addition to the General Comprehension Principle, we also assumed in
the preceding chapter the existence of some specific sets, including the sets
N and R of natural and real numbers, as well as the definiteness of some
basic conditions from classical mathematics, e.g., the condition of “being a
function”,

Function(f, 4, B) <= f is a function from 4 to B.

This poses no problem as mathematicians have always made these assump-
tions, explicitly or implicitly.

The General Comprehension Principle has such strong intuitive appeal that
the next theorem is called a “paradox”.

3.5. Russell’s paradox. The General Comprehension Principle is not valid.
Proor. Notice first that if the General Comprehension Principle holds,

then the set of all sets

V =4 {x | xisaset}
exists, and it has the peculiar property that it belongs to itself, V' € V. The
common sets of everyday mathematics—sets of numbers, functions, etc.—
surely do not belong to themselves, and so it is natural to consider them as
members of a smaller, more natural universe of sets, by applying the General
Comprehension Principle again,

R={x|xisasetand x ¢ x}.

From the definition of R, however,

ReER < R¢R,

which is absurd. =

When it is more than just a mistake, a “paradox” is simply a fact which
runs counter to our intuitions, and set theorists already knew several such
“paradoxes” before Russell announced this one in 1902, in a historic letter to
the leading German philosopher and founder of mathematical logic Gottlob
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Frege. These other paradoxes, however, were technical and affected only
some of the most advanced parts of Cantor’s theory. One could imagine
that higher set theory had a systematic error built in, something like allowing
a careless “division by 0” which would soon be discovered and disallowed,
and then everything would be fixed. After all, contradictions and paradoxes
had plagued the “infinitesimal calculus” of Newton and Leibnitz and they
all went away after the rigorous foundation of the theory which was just
being completed in the 1890s, without affecting the vital parts of the subject.
Russell’s paradox, however, was something else again: simple and brief, it
affected directly the fundamental notion of set and the “obvious” principle of
comprehension on which set theory had been built. It is not an exaggeration
to say that Russell’s paradox brought a foundational crisis of doubt, first to
set theory and through it, later, to all of mathematics, which took over thirty
years to overcome.

Some, like the French geometer Poincaré and the Dutch topologist and
philosopher Brouwer, proposed radical solutions which essentially dismissed
set theory (and much of classical mathematics along with it) as “pseudothe-
ories”, without objective content. From those who were reluctant to leave
“Cantor’s paradise”, Russell first attempted to “rescue” set theory with his
famous theory of types, which, however, is awkward to apply and was not
accepted by a majority of mathematicians.® At approximately the same time,
Zermelo proposed an alternative solution, which in time and with the contri-
butions of many evolved into the contemporary theory of sets.

In his first publication on the subject in 1908, Zermelo took a pragmatic
view of the problem. No doubt the General Comprehension Principle was
not generally valid, Russell’s paradox had made that clear. On the other hand,
the specific applications of this principle in the proofs of basic facts about sets
(like those in Chapter 2) are few, simple and seemingly non-contradictory.

Under such circumstances there is at this point nothing left for us to
do but to proceed in the opposite direction [from that of the General
Comprehension Principle] and, starting from set theory as it is his-
torically given, to seek out the principles required for establishing the
foundations of this mathematical discipline. In solving the problem
we must, on the one hand. restrict these principles sufficiently to ex-
clude all contradictions and, on the other, take them sufficiently wide
to retain all that is valuable in this theory.

In other words, Zermelo proposed to replace the direct intuitions of Cantor
about sets which led us to the faulty General Comprehension Principle with
some axioms, hypotheses about sets which we accept with little a priori justi-
fication, simply because they are necessary for the proofs of the fundamental
results of the existing theory and seemingly free of contradiction.

6The theory of types has had a strong influence in the development of analytic philosophy and
logic. and some of its basic ideas eventually have also found their place in set theory.
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Such were the philosophically dubious beginnings of axiomatic set theory,
surely one of the most significant achievements of 20th century science. From
its inception, however, the new theory had a substantial advantage in the ge-
nius of Zermelo, who selected an extraordinarily natural and pliable axiomatic
system. None of Zermelo’s axioms has yet been discarded or seriously revised
and (until very recently) only one basic new axiom was added to his seven
in the decade 1920-1930. In addition, despite the opportunistic tone of the
cited quotation, each of Zermelo’s axioms expresses a property of sets which is
intuitively obvious and was already well understood from its uses in classical
mathematics. With the experience gained from working out the consequences
of these axioms over the years, a new intuitive notion of “grounded set” has
been created which does not lead to contradictions and for which the axioms
of set theory are clearly true. We will reconsider the problem of foundation
of set theory after we gain experience by the study of its basic mathematical
results.

The basic model for the axiomatization of set theory was Euclidean geom-
etry, which for 2000 years had been considered the “perfect” example of a
rigorous, mathematical theory. If nothing else, the axiomatic method clears
the waters and makes it possible to separate what might be confusing and
self-contradictory in our intuitions about the objects we are studying, from
simple errors in logic we might be making in our proofs. As we proceed in our
study of axiomatic set theory, it will be useful to remind ourselves occasionally
of the example of Euclidean geometry.

3.6. The axiomatic setup. We assume at the outset that there is a domain or
universe WV of objects, some of which are sets, and certain definite conditions
and operations on }V, among them the basic conditions of identity. sethood
and membership:

X =y <= x is the same object as y,
Set(x) <= xisa set,
x €y <= Set(y) and x is a member of y.

We call the objects in W which are not sets atoms, but we do not require that
any atoms exist, i.e., we allow the possibility that all objects are sets. Definite
conditions and operations are neither sets nor atoms.

This is the way every axiomatic theory begins. In Euclidean geometry
for example, we start with the assumption that there are points, lines and
several other geometrical objects and that some basic, definite conditions and
operations are specified on them, e.g., it makes sense to ask if a “point P lies
on the line L”, or “to construct a line joining two given points”. We then
proceed to formulate the classical axioms of Euclid about these objects and to
derive theorems from them. Actually Euclidean geometry is quite complex:
there are several types of basic objects and a long list of intricate axioms about
them. By contrast, Zermelo’s set theory is quite austere: we just have sets and
atoms and only seven fairly simple axioms relating them. In the remainder of
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this chapter we will introduce six of these axioms with a few comments and
examples. It is a bit easier to put off stating his last, seventh axiom until we
first gain some understanding of the consequences of the first six in the next
few chapters.

3.7. (I) Axiom of Extensionality. For any two sets A, B,
A=B < (Vx)[x€ A4 < x € B].
3.8. (II) Emptyset and Pairset Axiom. (a) There is a special object ) which we

will call a set, but which has no members. (b) For any two objects x, y, there is
a set A whose only members are x and y, so that it satisfies the equivalence

€A & t=xVi=y. (3-2)

The Axiom of Extensionality implies that only one empty set exists, and that
for any two objects x, y, only one set 4 can satisfy (3-2). We denote this
doubleton of x and y by

{x,y} =4r the unique set 4 with sole members x, y.

If x = y, then {x, x} = {x} is the singleton of the object x.
Using this axiom we can construct many simple sets, e.g.,

0. {0}, {{0}}, {0.{0}}. {{0}. {{0}}}.....
but each of them has at most two members!
3.9. Exercise. Prove that () # {0}.

3.10. (III) Separation Axiom or Axiom of Subsets. For each set A and each
unary, definite condition P, there exists a set B which satisfies the equivalence

XEB & xc A& P(x). (3-3)
From the Extensionality Axiom again, it follows that only one B can satisfy
(3-3) and we will denote it by
B={xed]|Pkx)}
A characteristic contribution of Zermelo, this axiom is obviously a re-
striction of the General Comprehension Principle which implies many of its

trouble-free consequences. For example, we can use it to define the operations
of intersection and difference on sets,

ANB=¢4{x €A|xe B},
A\ B =4 {x € A|x ¢ B}.
The proof of Russell’s paradox yields a theorem:
3.11. Theorem. For each set A, the set
r(A) =¢r {x € A| x ¢ x} (3-4)

is not a member of A. It follows that the collection of all sets is not a set, i.e.,
there is no set V' such that

x €V < Set(x).
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PrOOF. Notice first that r(A4) is a set by the Separation Axiom. Assuming
that r(4) € A, we have (as before) the equivalence

r(A4) e r(4) < r(4) ¢ r(4).
which is absurd. B

3.12. (IV) Powerset Axiom. For each set A, there exists a set B whose members
are the subsets of A, i.e.,

XcB — Set(X)&X C A. (3-5)

Here X C A is an abbreviation of (V¢)[t € X =t € A]. The Axiom of
Extensionality implies that for each 4, only one set B can satisfy (3-5); we
call it the powerset of 4 and we denote it by

P(A) =ar {X | Set(X) & X C A}.
3.13. Exercise. P(0) = {0} and P({0}) = {0.{0}}.

3.14. Exercise. For each set A, there exists a set B whose members are exactly
all singletons of members of A, i.e.,

XE€B < (Ft € d)x={t}]

3.15. (V) Unionset Axiom. For each set &€, there exists a set B whose members
are the members of the members of € . i.e., so that it satisfies the equivalence

teB < (AX c&)[t € X]. (3-6)

The Axiom of Extensionality implies again that for each &, only one set can
satisfy (3-6); we call it the unionset of & and we denote it by

U& =q {t| B3X € &)[r € X]}.

The unionset operation is obviously most useful when & is a family of sets,
i.e., a set all of whose members are also sets. This is the case for the simplest
application, which (finally) gives us the binary, union operation on sets: we
set

AUB =J{4,B}
using axioms (II) and (V). and we compute

t€e AUB < (3X € {4.B})[t € X]
< teEAVtEB.

3.16. Exercise. |J0 = {0} = 0.

3.17. (VI) Axiom of Infinity. There exists a set I which contains the empty set
() and the singleton of each of its members, i.e.,

Del&(Vx)[x el = {x}ell]

We have not given yet a rigorous definition of “infinite”, but it is quite
obvious that any I with the properties in the axiom must be infinite, since
(VI) implies

DelL {0}el {{0}}el...
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and the objects (), {0}, ... are all distinct sets by the Extensionality Axiom.
The intuitive understanding of the axiom is that it demands precisely the
existence of the set

I ={0.{0}. {{0}}.... }.

but it is simpler (and sufficient) to assume of I only the stated properties,
which imply that it contains all these complex singletons.

It was a commonplace belief among philosophers and mathematicians of
the 19th century that the existence of infinite sets could be proved, and in
particular the set of natural numbers could be “constructed” out of thin air,
“by logic alone”. All the proposed “proofs” involved the faulty General Com-
prehension Principle in some form or another. We know better now: logic
can codify the valid forms of reasoning but it cannot prove the existence of
anything, let alone infinite sets. By taking account of this fact cleanly and
explicitly in the formulation of his axioms, Zermelo made a substantial contri-
bution to the process of purging logic of ontological concerns and separating
the mathematical development of the theory of sets from logic, to the benefit
of both disciplines.

3.18. Axioms for definite conditions and operations. Zermelo understood def-
inite conditions intuitively, he described them much as we did in 3.4 and he
applied the Separation Axiom using various quite complex conditions without
any special argument that they are, indeed, “definite”. We will do the same,
because the business of proving definiteness is boring and not particularly
illuminating. For the sake of completeness, however, we list here the only
properties of definiteness that we will actually use.

1. The following basic conditions are definite:

Xx =y <=gr x and y are the same object,
Set(x) <=4 xisaset,
X €y <=4 Set(y) and x is a member of y,

2. For each object ¢ and each n, the constant n-ary operation
F(xi.....x,) =c

is definite.
3. Each projection operation

Fi(xi,....x,)=x; (1<i<n)
is definite.
4. If P is a definite condition of n + 1 arguments and for each tuple of
objects X = x1.....Xx, there exists exactly one w such that P(X, w) is

true, then the operation
F(x) = the unique w such that P(¥X, w)

is definite.
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5. If Q is an m-ary definite condition, each F; is an n-ary definite operation
fori=1,... ,mand

P(X) <=4 Q(F1(X).....F,(X)).

then the condition P is also definite.

6. If O, R and S are definite conditions of the appropriate number of
arguments, then so are the following conditions which are obtained
from them by applying the elementary operations of logic:

P|(X) <=4 —P(X) <= P(X)is false,

Py (%) &4 O(X) & R(X) <= both O(¥) and R(X) are true,

Py(¥) =4 O(X) vV R(X) <= either Q(X) or R(X) is true,

Py(X) <4 (Fy)S(X.y) < forsome y,S(X,y)is true,

P5(X) <=4 (Vy)S(X.y) <= forevery y, S(¥,y)is true.
All the conditions and operations we will use can be proved definite by ap-
pealing to these basic properties. Aside from one problem at the end of this
chapter, however, for the logically minded, we will omit these technical proofs
of definiteness and it is best for the reader to forget about them too: they

detract from the business at hand, which is the study of sets, not definite
conditions and operations.

3.19. Classes. Having gone to all the trouble to discredit the General Principle
of Comprehension, we will now profess that for every unary, definite condition
P there exists a class

A={x|P(x)} (3-7)
such that for every object x,

x €A < P(x). (3-8)
To give meaning to this principle and prove it, we need to define classes.
Every set will be a class, but because of the Russell Paradox 3.5, there must be
classes which are not sets, else (3-8) leads immediately to the Russell Paradox

in the case P(x) <= Set(x)& x ¢ x.
First let us agree that for every unary, definite condition P we will write

synonymously
x €P < P(x).

For example, if Set is the basic condition of sethood, we write interchangeably
x € Set <= Set(x) <= xisa set.

This is just a convenient notational convention.
A unary definite condition P is coextensive with a set A if the objects which
satisfy it are precisely the members of 4, in symbols

P =, A 4 (Vx)[P(x) <= x € A]. (3-9)

For example, if
P(x) <= x #x,
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then P =, (). By the Russell Paradox 3.5, not every P is coextensive with a set.
On the other hand, a unary, definite condition P is coextensive with at most one
set; because if P =, 4 and also P =, B, then for every x,

X €A < P(x) <= xc€B

and A = B by the Axiom of Extensionality.
By definition, a class is either a set or a unary definite condition which is not
coextensive with a set. With each unary condition P, we associate the class

the unique set 4 such that P =, A,
{x| P(x)} =ar if P =, Aforsomeset 4, (3-10)
P, otherwise.

Now if 4 =4r {x | P(x)}, then either P is coextensive with a set, in which
case P =, A and by the definition x € 4 <= P(x): or P is not coextensive
with any set, in which case 4 = P and

xX€A < xcP <= P(x) (bythenotational convention).
This is exactly the General Comprehension Principle for Classes enunciated
in (3-7) and (3-8).
3.20. Exercise. For every set A,
{x|xeAd}=4.
and, in particular, every set is a class. Show also that
{X |Set(X)& X C A} = P(A).

3.21. Exercise. The class W of all objects is not a set, and neither is the class
Set of all sets.

If P is an n-ary definite condition and F an n-ary definite operation, we set

{F(X) | P(X)} =ar {w | GF)[P(¥) &w = F(I)]}. (3-11)
For example, with F(x) = {x},
{{x} | x=x}={w | 3x)[w = {x}]} = the class of all singletons.
3.22. Exercise. The class {{x} | x = x} of all singletons is not a set.
3.23. Exercise. For every class A,
Aisaset <= forsome class B, A € B
<= for some set X, A C X,
where inclusion among classes is defined as if they were sets,
AC B <=y (Vx)[x € A= x € B].

3.24. The Axioms of Choice and Replacement: a warning. Our axiomatization
of set theory will not be complete until we introduce Zermelo’s last Axiom
of Choice in Chapter 8 and the later Axiom of Replacement in Chapter 11.

While there are good reasons for these postponements which we will explain
in due course, there are also good reasons for adding the axioms of Choice
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and Replacement: many basic set theoretic arguments need them, and among
these are some of the simplest claims of Chapter 2. Thus, until Chapter 8,
we will need to be extra careful and make sure that our constructions indeed
can be justified by axioms (I) — (VI) and that we have not sneaked in some
“obvious” assertion about sets not yet proved or assumed. In a few places we
will formulate and prove something weaker than the whole truth, when the
proof of the whole truth needs one of the missing axioms. Now this is good:
it will keep us on our toes and make us understand better the art of reasoning
from axioms.

3.25. About atoms. Most recent developments of axiomatic set theory assume
at the outset the so-called Principle of Purity, that there are no atoms: all
objects of the basic domain are sets. There is a certain appealing simplicity to
this conception of a mathematical world in which everything is a set. We have
followed Zermelo in allowing atoms (without demanding them), primarily
because this makes the theory more naturally relevant to the natural sciences:
we want our results to apply to sets of planets, molecules or frogs. and frogs
are not sets. In any case, it comes at little cost, we simply have to say “object”
in some situations where the atom banners would say “set”. It is important to
notice, however, that none of the axioms requires the existence of atoms, so
none of the consequences we will derive from them depends on the existence
of atoms: everything we will prove remains true in the domain of pure sets,
provided only that it satisfies the Zermelo axioms, as we stated them.

3.26. Axioms as closure properties of the universe V. Whatever the domain
W of our axiomatic set theory may be, it is clear that it does not contain all
“objects of our intuition or thought” in Cantor’s expression; Y is not a set,
and it is certainly a perfectly legitimate mathematical object of our intuition
about which we intend to have many thoughts. Granting that W is not all
there is, we can fruitfully conceive of the axioms as imposing closure conditions
on it. We have assumed (so far) that W contains @, that it is closed under
the operations of pairing {x. y} (II), powerset P(X) (IV), and unionset | &
(V). that it includes every definite subcollection of every set (III), and that it
contains some set / with the stipulated property of the Axiom of Infinity (VI).
It is also possible to understand the Axiom of Extensionality (I) as a closure
property of W: in its non-trivial direction, it says that for any two sets 4, B,

A#B= (3t)[t € (4\ B)U(B\ 4)]. (3-12)

i.e., every inequality 4 # B between two sets is witnessed by some legitimate
object ¢ € W which belongs to one and not to the other.

This understanding of the meaning of the axioms is compatible with two
different conceptions of the universe V. One is that it is huge, amorphous,
difficult to understand and impossible to define; but every object in it is
concrete, definite, whole, and this is enough to justify the closure properties
of W embodied by the axioms. Let us call this the large view. The small view
is that W consists precisely of those objects whose existence is “guaranteed”
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by the axioms, those which can be “constructed” by applying the axioms
repeatedly: the axioms are satisfied because we deliberately put in W all the
objects required by the closure properties they express. Neither conception
is precise, to be sure, but they are different. On the small view, for example,
there are no atoms since none of the axioms demands their existence, while
the large view allows frogs among the objects in W.

Both of these views can be defended and they have played significant roles
in the philosophy of set theory, and even in its mathematical practice, by
suggesting the kind of questions one should ask. We will come back to
discuss the issue in Chapter 11 and Appendix B, when we will be in a position
to be less flippant about it. In the meantime, we will often speak of the axioms
as closure conditions on W, a useful heuristic device which is compatible with
every philosophical approach to the subject.

Problems for Chapter 3

x3.1. For each non-empty set & and each X € &, we define the intersection
of & via X by

Ny& =ar {x € X | (VU € &)[x € U]}
Show that for any two members X, ¥ of &,

N x& = N Y€
i.e., the intersection (), & is independent of the specific X we used in its

definition, and hence we can use for it the notation (& which does not
exhibit X. Show also that AN B = ({4, B}.

x3.2. For any two sets 4, B, determine whether each of the following classes
is or is not a set.

1. {{0.x} | x € 4}.

2. {x | Set(x) &x # 0}.

3. {{x.y}|xe A&y e B}.

4. {P(X)| X C 4}.

x3.3. Prove rigorously that the following conditions and operations are defi-
nite, using only (I) — (VI) and the axioms in 3.18. (Here c is some arbitrary
object.)

Pi(x) <4 x€c, Fi(x.y) =ar {x.0}.
Py(x.y.z) < z E€X, F(X) =4 UX.
P3(X.Y) <= XCY F3(X) =4 P(X).
PyX.Y) =g XNY =0, Fy(x) =qr {x}.
Ps(X.Y) <=y P(X)C Y F5(X.Y) =¢¢ XUY.

In the remaining problems of this section we consider Zermelo’s notion of
equivalence, which intuitively holds between two sets when they are equinu-
merous. These problems will be trivial after we introduce functions within
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8 e
FIGURE 3.1. The hypothesis for Part 3 of Problem x3.5.

Zermelo’s axiomatic theory in the next Chapter, but right now they are chal-
lenging.

3.27. Definition. Recall that two sets 4, B are disjointif A N B = (. A set W
is a connection of the two disjoint sets 4 and B (according to Zermelo) if the
following three conditions hold:

. Ze W= 3x €A, yeB)[Z={xy}

2. Foreach x € A, there is exactly one y € B such that {x, y} € W.

3. For each y € B, there is exactly one x € A4 such that {x, y} € W.

x3.4. For any two disjoint sets A, B, the class
(A4, B) = {W | W is a connection of A4 with B}
is a set.
3.28. Definition. Two sets 4, B are equivalent according to Zermelo if there

exists a third set C disjoint from both of them and connections of 4 with C
and of B with C, in symbols

A~y B <= QC W WNANC =0&BNC =0
& W €3(4.C)& W' € £(B. C)].

*x3.5. The condition of equivalence according to Zermelo has the following
properties, for any three sets 4, B, C:

A~z A,
if A~z B, then B~z A,
if (A ~z B&B ~z C) then A4 ~z C.

HiNT. To prove A ~z A, you need to find some set C such that AN C = () and
there is a connection W of 4 with C. The hypothesis for the (last) transitivity
property is illustrated in Figure 3.1.






CHAPTER 4

ARE SETS ALL THERE IS?

Our next goal is to determine whether the basic results of naive set theory
in Chapter 2 can be proved on the basis of the axioms of Zermelo. Right
at the start we hit a snag: to define the crucial notion of equinumerosity we
need functions; to define countable sets we need the specific set N of natural
numbers; the fundamental theorem 2.21 of Cantor is about the set R of real
numbers, etc. Put another way, the results of Chapter 2 are not only about
sets, but about points, numbers, functions, Cartesian products and many
other mathematical objects which are plainly not sets. Where will we find
these objects in the axioms of Zermelo which speak only about sets?

An obvious solution is to assume that these non-sets are among the atoms
which are allowed by Zermelo’s theory and to add axioms which express our
basic intuitions about points, numbers, functions, etc. This is possible but
awkward and there is a much better solution.

A typical example of the method we will adopt is the “identification” of the
(directed) geometric line IT with the set R of real numbers, via the correspon-
dence which “identifies” each point P on the line with its coordinate x(P)
with respect to a fixed choice of an origin O. What is the precise meaning
of this “identification”? Certainly not that points are real numbers. Men have
always had direct geometric intuitions about points which have nothing to do
with their coordinates and which existed before Descartes discovered analytic
geometry. Every Athenian of the classical period understood the meaning of
the sentence

Phaliron is between Piraeus and Sounion along the Saronic coast’

even though he was (by necessity) ignorant of analytic geometry. In fact,
many educated ancient Athenians had an excellent understanding of the
Pythagorean Theorem, without knowing how to coordinetize the plane. What
we mean by the “identification” of IT with R is that the correspondence
P — x(P) gives a faithful representation of IT in R which allows us to give
arithmetic definitions for all the useful geometric notions and to study the
mathematical properties of I1 as if points were real numbers. For example, the

TThese are seaside suburbs of Athens.

33
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quoted sentence above is expressed by the inequalities
x(Piraeus) < x(Phaliron) < x(Sounion),

assuming that the coordinates increase in the easterly direction. In the same
way, we will discover within the universe of sets faithful representations of all
the mathematical objects we need, and we will study set theory on the basis
of the lean axiomatic system of Zermelo as if all mathematical objects were
sets. The delicate problem in specific cases is to formulate precisely the correct
definition of a “faithful representation” and to prove that one such exists.

4.1. Ordered pair. We consider first the basic (ordered) pair operation. Intu-
itively, the pair (x, y) of two objects x and y is the “thing” which has a “first
member” x and a “second member” y, and it is different from the unordered
pair {x, y} since (for example) {0, 1} = {1, 0} while (0, 1) # (1,0). Thus, the
first characteristic property of the ordered pair is the following:

(OP1) (x.y)=K.Y) = x=x"&y=y".

There is a second, perhaps less obvious characteristic property of pairs which
makes it possible to define Cartesian products: for any two sets 4, B,

(OP2) the class 4 x B =4r {(x,y) | x € A&y € B} is a set.

Thus, the problem of representing the notion of “pair” in set theory takes
the following precise form: we must define a definite operation (x, y) such
that (OP1) and (OP2) follow from the axioms of Zermelo.

4.2. Lemma. The Kuratowski pair operation

(x,¥) =ar {{x}. {x. »}} (4-1)
has properties (OP1) and (OP2).

ProoF. (OP1). The direction <= is obvious. For the non-trivial direction
—, we distinguish two cases.

If x = y.then {x,y} = {x,x} = {x}. theset (x,y) = {{x}. {x}} = {{x}}
is a singleton, hence the set (x’,»’) which is assumed equal to it is also a
singleton, so that x’ = y” and (x’, y’) = {{x'}}: and since this last singleton
is equal to {{x}}, we have x = x’ and, hence, also y = x = x’ = y'.

If x # y, then the members of (x, y) are the singleton {x } and the doubleton
{x. y}, and these must correspond with the members {x’} and {x’, y’} of the
equal set (x', y), so that we must have {x} = {x'}, {x,y} = {x,»'}, and
then, immediately, x = x" and y = y’.

(OP2). Itis enough to prove that for any two sets 4, B, there is a set C such
that

xed&yeB={{x}.{x.y}} e C: (4-2)
because then

AxB={zeC|(3xecd)3yeB)z=(xp)]}.
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and 4 x B is a set by the Subset Axiom (III). To prove (4-2). we compute:
x€Ad yeB = {x}, {x,y} C(4UB)
= {x}, {x.y} € P(4UB)
= {{x}. {x.»}} CP(4UB)
= (x.y) e P(P(4UB)).
so that we can take C = P(P(4 U B)). 4

We now fix a specific definite operation (x, y) which satisfies (OP1) and
(OP2), perhaps the Kuratowski pair defined in the proof of 4.2, perhaps some
other: from now on we may forget the specific definition chosen, the only
thing that counts is that the pair operation satisfies (OP1) and (OP2).

4.3. Exercise. Let
Pair(z) <= (3x)(3y)[z = (x.¥)].

. the unique x such that (3y)[z = (x, y)]. if Pair(z).
First(z) =ar {z othe(rlwise = b)) (=)

Second(z) = { the unique y such that (3x)[z = (x. p)]. if Pair(z).
z, otherwise.

It follows that
Pair(z) < z = (First(z), Second(z)).

Using the ordered pair we can easily define triples, quadruples, etc., as well
as the corresponding products, e.g.,

(x. ».2) =ar (x, (. 2)). (4-3)
(x. 3. z,w) =¢r (x, (3. 2. w)) = (x. (. (z.w))). (4-4)
AxBxC=3Ax(BxC), (4-3)

etc. By this definition, a tuple of length #n + 1 is a pair with second member a
tuple of length .

4.4. Exercise. Forall x,y,z,x',y'. 2,
(x.y.z2)=("y.2) &= x=x"&y =) &z =12,

4.5. Disjoint union. For each set 4 and a fixed object blue, we can think of the
set of pairs {blue} x A4 as a “blue copy” of 4, the act of replacing each a € 4
by the pair (blue, a) being the set theoretic equivalent of painting a blue. We
fix two such distinct “colors”,

blue =4¢ #. white =¢4¢ {(Z)} (4-6)
and we define the disjoint union of two sets by
AW B =4 ({blue} x 4) U ({white} x B).

The construction is pictured in Figure 4.1, and the notion is useful, as we will
see. It should be clear that the specific identity of blue and white must be
deliberately and instantly forgotten: all that matters is that blue # white.
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B {white} x B

A {blue} x 4

FIGURE 4.1. Constructing the disjoint union.

4.6. Exercise. Show that for all sets A, B, AW () C AW B. Assuming that we
use the Kuratowski pair to define products, give an example where the plausible
inclusion A C AW B is not true.

Next we consider the notion of relation which permeates mathematics.
Intuitively, a binary relation R between objects x € A and y € B isa condition
which is satisfied by some x € A4, y € B and fails for others. For example, the
relation

xRy <=4 xisasonofy
is defined on 4 = {men}, B = {women} and holds for x, y precisely if y has
given birth to x. The obvious way to represent a binary relation in set theory
is to identify it with its extension, the set of pairs which satisfy it.

4.7. Relations. A binary relation on the sets A, B is any subset R of the
Cartesian product 4 x B. We will use synonymously the notations
R(x,y) <= xRy < (x,y) €R.
Obvious examples of binary relations are the identity and the relations of
membership and subsethood restricted to some set A,
X=4y <g x€A&ycA&kx =1y,
XELY <4 x € A&Y CA&x <Y,
XCuY <=4 XCYCA,
which by the definition are represented respectively by the sets

=4=a{(x.y) €A xA|x=y}
Ea=ar{(x.Y)€eAXP(A)|x€ Y}
Ca=ar {(X.Y) e P(4) xP(4) | X C Y}

4.8. Relations and definite conditions. The definite conditions of identity =,
membership € and subsethood C on the domain W of all objects are not
relations according to 4.7, in fact they are not even “coextensive” with sets
of pairs, because their extensions are “too large”. This is important, the
distinction between relations and definite conditions: briefly, every relation
determines a definite condition but (in general) the converse does not hold. The
precise situation is detailed in the next Exercise. In practice we will often refer
to the relation = on the set A, meaning (without possibility of confusion) the
restriction =4 as we just defined it.
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4.9. Exercise. (1) For every binary relation R C (A x B), the condition
R*(x.y) <= (x.y) €R

is definite. (Nothing to prove here, unless you want to practice applying 3.18.)
(2) For every binary definite condition P and any two sets A, B, the restriction

Pip=ar {(x.y) €A xB|P(x.y)}
of P to A x B is a binary relation on A, B.

4.10. Properties of relations on a set A. Binary relations with both arguments
ranging over the same set are especially important, and they are classified
and studied according to the structural properties they may enjoy. Here are
three such properties which come up often, in various combinations, where
PC AxA:

P is reflexive <= (Vx € 4)[x Px].
P is symmetric <=y (Vx,y € A)[x Py =y Px].
P is transitive <=4 (Vx,y,z € A)[[xPy&yPz]= xPz].
We call P an equivalence relation on A if it has all three of these properties.

Equivalence relations are very useful and we will meet examples of them in
practically every chapter of these Notes. They are often denoted by symbols
like ~, =, ~, so that their three characteristic properties take the form

X ~ X,
X~y=y~X
[x~y&y ~z]l=x ~z
4.11. Exercise. On each set A, the identity relation {(x,y) | x =y € A}, the
identically true relation {(x.,y) | x,y € A} and for each B C A the relation
X~y it X=y€AV[x € B&y € B]
are all equivalence relations.

4.12. Proposition. Suppose ~ is an equivalence relation on the set A, let for
each x € A,

[x/~]={yed|x~y} (4-7)
be the equivalence class® of x. and let
[4/~]1={[x/~1€P(4) | x € A} (4-8)

be the set of all equivalence classes. It follows that [x/~] # 0 for each x € A,
and forall x,y € A,
x o~y =[x/~ =/~ (4-9)
x by = [x/~1N0y/~]1=0. (4-10)

8Each [x/~] is obviously a set, a subset of 4, and it would be more appropriately named the
“equivalence set” of x, but the classical terminology goes way back and has been frozen.
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so that [A/~] is a family of non-empty and pairwise disjoint subsets of A such
that | J[A/~] = A.

Conversely, for each family & of non-empty and pairwise disjoint subsets of A
such that A = &, the relation

X~y =g (AX e&)xeX&y e X]

is an equivalence relation on A and [A/~] = & .
Proor. Each [x/~] # (), since x € [x/~]. By the transitivity and symmetry
of ~,
t~x&Xx ~y=t~y, t~yp&X~y=t~Xx
so that
x~y = Vi€ At ~x < t ~Y]
= [x/~] =/~

This implies immediately both (4-9) and (4-10). For the converse, the reflex-
ivity and symmetry of ~ are trivial. If x ~ y and y ~ z, then there exist sets
X,Yin& suchthatx,y € X, y,z € Y, soin particular y € X N Y and since
the sets in & are pairwise disjoint, we have X = Y, so x ~ z. -
4.13. Exercise. What are the equivalence classes of the equivalence relations in
Exercise 4.117

Following up the same idea, we identify each ternary relation R on the sets
A, B, C with the set of triples which satisfy it, so that a ternary relation on 4,
B, C is simply an arbitrary subset of 4 x B x C. We will use synonymously
the notations

R(x,y.z) <=yq4r (x.y.2) € R.

As with relations, we represent functions in set theory by identifying them

with their “graphs”.

4.14. Functions. A function (or mapping or transformation) /' : 4 — B with
domain the set 4 and range the set B is any subset /' C (4 x B) which satisfies
the condition

(Vx € A)(3'y € B)[(x.y) € f1].
in more detail,
(Vx € 4)3y € B)[(x.y) € f1].
and (x.y) e f&(x.y) e f=y ="

If we picture the product 4 x B in the plane as in Figure 4.2, this means that
every “vertical line” intersects the set f in exactly one point: for x € 4 and
f : A — B, we will write, as usual,

f(x) =qr theunique y € B such that (x,y) € f

= the value of f on the element x (x €4).

The function space
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FIGURE 4.2. A function as a set of ordered pairs.

(A—B)=¢{f CAxB|f:4— B}
={feP(AxB)|(Vxed)(3yeB)(xy e}
is a set by the Subset Axiom (III).

We will use all the familiar notations and abbreviations in connection with
functions, e.g., sometimes writing the argument without the parentheses or as
an index,

fx)=fx=f«
The — notation is also useful; for example, an indexed family of sets is a
function
A=(i— A)ier: 1 — E
for some I # () and some E. where each A; is a set. We refer to I as the index
set and we define the union and intersection of the family in the usual way,

Ujcrdi =as {x e UE | 3i € I)[x € 41},
Nicrdi =ar {x e UE | (Vi € I)[x € 4;]}.

We can also define the product of an indexed family, the set of functions which
select for each i € I one element from the value 4;,

icrdi =ac {f : T = Ui, 4i | (Vi € DS () € 4]} (4-12)

Injections, surjections, bijections (correspondences), images and pre-ima-
ges of functions are defined exactly as in the Introduction. We will be using
the following notations for the relevant function spaces:

(4-11)

(A — B) =4 {f € (4 — B) | f is an injection, one-to-one},
(4 —» B)=4r {f € (4 — B) | f is asurjection, onto B},
(4~ B) =4t (4 — B)N (4 — B) (bijection, correspondence).

For each X C A, the restriction f [ X of a function f : 4 — B is obtained
by cutting f down so it is defined only on X,

F1X =a {(x.y) € f|x e X} (4-13)
It is also useful to notice that the basic condition of “functionhood”
Function(f) <= (34)(3B)[f € (4 — B)] (4-14)
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is evidently definite. When we refer to a function f without identifying specific
sets A, B such that ' : 4 — B, we will mean any set f which satisfies the
condition Function( f).

4.15. Exercise. Prove from the axioms, that for each function f , the domain of
definition of

Domain(f) =4 {x | @G)[(x.») € 1}
and the image of f

Image(f) =q4r {¥ | GX)[(x.y) € f1}

are sets, and for each set B,
if Image(f) C B, then f :Domain(f) — B.
As a consequence,

if Function(f'), then f : Domain(f) — Image(f).

4.16. About functions as sets of ordered pairs. This “identification” of a func-
tion f : A — B with the set of pairs {(x.y) € 4 x B | f(x) = y} has
generated some controversy, because we have natural “operational” intuitions
about functions and by “function” we often mean a formula or a rule of
computation. For example, the two functions on the reals

fxy) =ar (x +p)%.

g(x.y) =ar X* +2xy + »°
are identified in set theory, although they are obviously different as compu-
tation rules. There is no problem with this if we keep clear in our minds
that the “definition” 4.14 does not replace the intuitive notion of function but
only represents it within set theory, faithfully for the uses to which we put this
notion within set theory:® first (and foremost), to define equinumerosity and
the size comparison condition for sets with no reference to objects outside
axiomatic set theory,

A=, B ey (Gf)f : 4 Bl < (4— B)#0,
A< B =4 Cf)f:4— B] <= (4~ B)#0.
A<, B <4 A<.B&A#. B
4.17. Exercise. Prove from the axioms that A =, B = P(A4) =. P(B), and
identify which of the axioms you are using.
4.18. Exercise. Prove from the axioms that if A =, A" and B =. B’, then

AWB=.AWB., AxB=.A4'xB. (4—B)=.(4 — B).

9Whether the intuitive notion of function-as-computation-rule can also be represented faith-
fully in set theory is an interesting problem, for which there does not exist yet a generally accepted
solution.
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FIGURE 4.3. Cantor’s construction of |4] for a four-element set.

4.19. Cantor’s notion of cardinal numbers. Ironically, one of the most difficult,
intuitive mathematical notions to represent faithfully in set theory is that of
cardinal number, a most basic concept of the subject. Here is how Cantor
introduced it in the same 1895 paper from which we quoted the “definition”
of sets in the Introduction:

Every set A has a definite ‘power’, which we will also call its ‘cardinal
number’.

We will call by the name ‘power’ or ‘cardinal number’ of A4 the
general concept, which by means of our active faculty of thought,
arises from the set 4 when we make abstraction of its various elements
x and of the order in which they are given.

We denote the result of this double act of abstraction, the cardinal
number or power of 4 by 4. Since every element x, if we abstract

from its nature becomes a ‘unit’, the cardinal number 4 is a definite

set composed of units, and this number has existence in our minds as

an intellectual image or projection of the given set A.
After some discussion, Cantor infers from this “definition” that cardinal num-
bers have the following two fundamental properties:

A =c A:
if A=, B, then A = B.

The first of these flows quite naturally from Cantor’s conception: the process
of abstraction which associates with each x € 4 a corresponding “unit” u,
evidently defines a correspondence x — u, between 4 and 4. Cantor gives a
brief argument for the second whose key phrase is that

A grows, so to speak, out of 4 in such a way that from every element

x of A a special unit of A arises.

To get the second property out of this we must assume that the “special units
of A” depend only on “how many” members A4 has and not the nature of these
members, which begs the question of cardinality, but there it is.

There is a third, more technical property of cardinal numbers, which Cantor
uses routinely with no special mention to define and study operations which
act on infinite families of sets: for every family of sets &, {X | X € &} is a set.
Thus, however we understand Cantor’s construction, it is quite clear what we
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must do to represent it faithfully in set theory. We substitute modern notation
for Cantor’s awkward double bar symbolism.

4.20. Problem of Cardinal Assignment: o define an operation |A| on the class
of sets which satisfies

(Cl) A =c ‘A|
(C2) if A=, B, then |A| = |B],
(C3) for each set of sets &, {|X| | X € &} is a set.

The problem is quite difficult and it was not solved until the twenties, by
von Neumann, whose elegant construction uses both the Axioms of Choice
and Replacement. We will present it in Chapter 12, as the culmination of a lot
of work. In the meantime, notice that there are plenty of definite operations
which satisfy (C1) and (C3), including the obvious |A| = 4 ! And as it turns
out, these two properties suffice for the development of a very satisfactory
theory of cardinality.

4.21. Cardinal numbers. A (weak) cardinal assignment is any definite opera-
tion on sets A4 — |A| which satisfies (C1), and (C3), and it is a strong cardinal
assignment if it also satisfies (C2). The cardinal numbers (relative to a given
cardinal assignment) are its values,

(C4) Card(k) <= k € Card <=4 (34)[k = |A4]].
4.22. Exercise. Prove that for any cardinal assignment and any two sets A, B,
|A| = |B|= A4 =, B.

so that the converse of (C2) is true of all cardinal assignments, including the
weak ones.

We fix one, specific (possibly weak) cardinal assignment and we define the
arithmetical operations on the cardinals as follows:

K+A=¢q KW =, kWA
K-A=q |k XAl = kx4,
K =ar (= &) = (21— &)

The infinitary operations are defined similarly:'°

H

Zielﬁ’i =df |{(z,x) cl x Uielni | X € K,,'}

Hiel”i =df |Hiel"9i|-

The motivation is clear, e.g.. the sum & + 4 is the “number of elements” in the
set we get by putting together disjoint copies of x and 4.

101¢ is traditional to use the cap Greek IT to denote both the Cartesian product of sets and the
cardinal operation of infinite product, and it does not really cause any confusion.
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Notice that there is only one choice for ||,

0 =45 |0] = 0. (4-15)
since only || = 0 satisfies ) =, |0|. It is also convenient to set
I=q4r {0}, 2=ar [{0.1}] (4-16)

so we have handy names for the cardinal numbers of singletons and double-
tons.

4.23. Exercise. For all sets A, B, |AU B| <. |A| + |B|, and
if ANB =10, then |AU B| =, |4| + |B|.

4.24. Exercise. For all cardinal numbers, if k| =, ky and 4| =, Ao, then

A s J 2
Ki+ Al =cko+do. Ki-A=cka-lo, K] =¢ K.

4.25. Cardinal arithmetic. It looks quite silly to develop the theory of a
weak cardinal assignment which could be just the identity | X | = X, but the
notation of cardinal numbers and the arithmetical operations on them is useful
for expressing simply complex “equinumerosities”. Consider the formula

RO = g* Rk (4-17)

It looks obvious, it is true by Exercise 4.28, and it expresses exactly the same
fact as

(Awu) = k)= (4 — &) x (4 — &), (4-18)
more simply, or so some would say. More significantly:

(1) the systematic development of formulas like (4-17) leads to a cardinal
arithmetic which in the end suggests new (and useful) facts about equinu-
merosities by analogy with ordinary arithmetic; and

(2) when we do construct von Neumann’s strong cardinal assignment, we
will have already proved all the interesting facts about cardinals with =, in
place of = : all we will need to do is remove in our minds the subscript . from
facts we already understand, because of the following, simple fact.

4.26. Exercise. If cardinal numbers are defined using a strong cardinal assign-
ment, then for all cardinals k, 1,

k| =k andk =, A <= K= A (4-19)
The basic technique for proving identities of cardinal arithmetic is to use

systematically (C1) and the replacement properties of Exercise 4.18. To prove
the associativity of cardinal addition, for example, we compute:

4+ A+u) =rw(A+u) by def.,
= k(AW u) by def., (C1) and 4.18,
= (kW) Wu by a direct argument,
= (k+A)+u reversing the steps.

The mathematical essence of the proof is the alleged “direct argument”, which
in this case is quite easy:
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4.27. Exercise. Prove that for any three sets K, L, M ,
Ky(LWM)=.(KyWL)yM.
4.28. Exercise. Prove (4-17), by showing first that for any three sets K, L, M,
ifLNM =0, then((LUM)—K)=,(L—K)x (M — K).

To see how the more technical condition (C3) comes into play, consider the
equation

|UieIAi‘ ~c Zie]‘AiL (4'20)
which should certainly be true when the sets in the family (i — A;);c; are
pairwise disjoint. To make sense of it, before trying to prove it, we must know

that there is a function (i — |A;|), and the proof of this requires (C3), as
follows:

4.29. Lemma. For every indexed family of sets A = (i — A;)icy. there exists a
function I — f[I] such that

f@)=14; G el).
Proor. By (C3) with
&={4;|iel}=A[Il]
there exists a set W which contains every |4;| for i € I, and we can set
[ =a {iw) €I x W |w = |4;]}. a

As it happens, equations like (4-20) cannot be proved without the Axiom of
Choice, so we will have little need of (C3) before Chapter 8.

4.30. Structured sets. A ropological space is a set X of points endowed with a
topological structure, which is determined by a collection I of subsets of X
satisfying the following three properties:

1., X ecg.

2. AABeET —ANBeT.

3. For every family & C 9 of setsin 7, the unionset | J& is also in 7.

A family of sets 9~ with these properties is called a topology on X', with open
sets its members and closed sets the complements of open sets relative to X,
i.e., all X \ G with G open.

Notions like this of sets “endowed” with structure abound in mathematics:
there are graphs, groups, vector spaces, sheaves, manifolds, partially ordered
sets, etc. etc. In each of these cases we have a set X, typically called “the
space”, and a complex of related objects which impose a structure on the
space—functions, families of sets, other spaces with their own structure, etc.
The pairing operation provides a simple and flexible way to model such notions
faithfully in set theory.

A structured set is a pair

U=(4.5). (4-21)
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where A = Field(U) is a set, the field or space of U, and & is an arbitrary
object, the frame'! of U.

For example, a topological space is a structured set (X, .7 ), where the frame
g is a topology on X, as above. A group is a structured set

U=(G.(e)) (4-22)

where e € G and - : G x G — G is a binary function, satisfying the group
axioms, which do not concern us here. Notice that by the definition of triple
(4-3), definition (4-22) is equivalent to

U=(Ge,-). (4-23)

It is quite common that the frame of a structured set is a tuple of objects, and
then the structured set is also a tuple, with its field as the first element. We
will meet numerous examples of this in the sequel.

Following usual mathematical practice, we will systematically confuse a
structured set with its field when the frame is understood from the context or
is not relevant. For example, we will refer to “the topological space X rather
than “(X, )", with “points” the members of X, “subsets” the subsets of X,
etc. In the general case, the members of a structured set U are the members
of Field(U),

x € U <=4 x € Field(U), (4-24)

the subsets of U are the subsets of Field(U), etc. Notice that the termino-
logical convention (4-24) cannot possibly cause a misunderstanding: since we
have (deliberately) not settled on a specific pairing operation—and have even
left open the possibility that (4, ) may be an atom (!)—the statement

x €(4,8)

cannot possibly mean anything until we define it, and we just did this by
(4-24).

Problems for Chapter 4

The definition of ordered pair in the proof of 4.2 is due to the Polish
set theorist and topologist Kuratowski. A few years before Kuratowski’s
construction, the American analyst Wiener had discovered the following,
somewhat more complex but interesting solution of this problem.

x4.1. (Wiener) The properties (OP1) and (OP2) in 4.1 hold with the following

definition of pair:
(. y) =ar {{0.{x}}. {{}}}.

Tt would be more suggestive to call 8 the structure of the structured set (4. &), but the word
is heavily overloaded in logic and set theory and it is best to avoid attaching it to one more precise
notion. Some people call “structures” what we have called “structured sets” here, at least when
they are simple enough.
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x4.2. The properties (OP1) and (OP2) in4.1 hold with the following definition
of pair:
(x.y) =ar {{0.x}. {L.y}}.

where 0, 1 are two distinct objects, e.g., those defined by (4-16). Hint. Com-
pute (0,0),(0,1),(1,1) and (1,0) (with this pair) to see what goes on, and
then take cases on whether x = y or not.
x4.3. Prove from the axioms that for all sets 4, B, C,
(AxB) = C)=,(4—(B—C)).
x4.4. Prove from the axioms the theorem of Cantor 2.21, that for every set 4,
A <. P(A4). Which axioms do you need?
x4.5. A binary relation ~ C (4 x A) is an equivalence relation on A if and
only if there exists some set Q and a surjection
n:A—Q (4-25)

such that

x~y <= n(x)=n(y). (4-26)

When (4-25) and (4-26) hold. we call QO a quotient of 4 by ~ and 7 a
determining surjection of ~. The proof of 4.12 yields the quotient [4/~] and
the determining surjection (x — [x/~]), but in specific cases there exist other
quotients which help us understand better the structure of the equivalence
relation at hand.

x4.6. Suppose ~ is an equivalence relation on 4 and 7 : 4 — A satisfies
x ~y=n(x)=n(y) € [x/~].

Prove that 7 is a determining surjection witnessing that its image n[A4] C A4 is
a quotient of 4 by ~.

x4.7. Fix an element xy € A4 in some set and define on the function space
(A4 — B) the relation

f ~g = f(x) = g(x0).
Prove that ~ is an equivalence relation and find a determining surjection
n: (A — B) — B which witnesses that B is a quotient of (4 — B) by ~.

x4.8. Let xo # x; be two distinct elements in 4 and find a determining
surjection which witnesses that (B x B) is a quotient of (4 — B) by the
equivalence relation

f~g = fxo) =glxo) & f(x1) = g(x1).

x4.9. Suppose ~ is an equivalence relation on 4 and f : A — A is a function
which respects ~, i.e.,

x~y=f(x)~ f(y).
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FIGURE 4.4.

Let Q be any quotient of 4 by ~. Prove that there exists a unique function
f* 1 Q — Q such that the diagram in Figure 4.4 commutes, i.e., nf = f*x,

fr(ax) =n(f(x)). (x€4).
where 7 : A — Q is a determining surjection.
x4.10. For all cardinal numbers, &, 4, u,
k+0=ck K-0=.0, K- -1=,k.
x4.11. For all cardinal numbers &, 4, u,

k+(A+p) = (k+1)+u
K+ A=c A+ k.

x4.12. For all cardinal numbers &, 4, u,

o (Ap)=c(5-2) p.

K-A=¢ A K,
k-(A+u)=cr-A+r- pu
x4.13. For all cardinals ., |P(k)| =, 2~.

x4.14. For all cardinal numbers &, 4, u.

=1, k'= .k K = k- k.

x4.15. For all cardinal numbers &, 4, u,

(k- A)* =, k" - IH,
() = P

()" =, k-,
x4.16. For all cardinal numbers &, 4, u

K< p = k+A<, pu+4,
K<t = k-A<,.u-4,

I<en = Kk* <, KF (k #0),
k<. .A = r* <. "

For what values of 4, u does the third implication fail when x = 0?
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Caution! As we will see later, strict inequalities between infinite cardinal
numbers are not always respected by the algebraic operations, for example,
we may have

K<, u butk+241=,pu-+ 4
x4.17. For all 4, B and all cardinals «, A,
[[icaB=(4—B). [licx= K.

x4.18. Suppose a # b are two distinct objects and «,, k; are cardinals, and
prove that

Kq + Kp =¢ Zie{a.b}’ii’
Ka - Kb =¢ Hie{mb}K’i'
x4.19. Prove that for all indexed families of cardinals,
KD ierhi =e Dierh - hiv

x4.20. Show that k-4 = 0 <= k = 0V 4 = 0. Show also one of the
directions of the equivalence

[Liesri =0 <= (Gi € Il = 0]. (4-27)
(If you think you can show both directions of (4-27), think again and find

your error, since one direction requires the Axiom of Choice.)

x4.21. The notion of equivalence according to Zermelo 3.28 coincides with
equinumerosity, i.e.,
A=,B < A~y B.

The definition 2.6 of infinite and finite sets refers to the set N of natural
numbers and we cannot study these concepts axiomatically before we give a
definition of N directly from the axioms. There is, however, another, simpler
definition of these notions which we can give now and which we will later
prove (with the Axiom of Choice) equivalent to 2.6.

4.31. Definition. A set A is infinite according to Dedekind if there exists an
injection

f:A—-BCA
from A into a proper subset of itself. If 4 is not Dedekind-infinite, then it is
Dedekind-finite.

x4.22. If A is Dedekind-infinite and A =, B, then B is also Dedekind-infinite.
x4.23. If A is Dedekind-finite, then every subset of A4 is also Dedekind-finite.

x4.24. Every set I which satisfies the conditions
Del (Vx)[xel={x}el]
is Dedekind-infinite.
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FIGURE 4.5. Zermelo’s proof of the Schroder-Bernstein Theorem.

Most of the properties of Dedekind-finite sets require the Axiom of Choice
for their proof. Here is one which does not, but it requires some thinking.

*x4.25. If 4 is Dedekind-finite and 7 ¢ A, then A U {¢} is also Dedekind-finite.
HinT. Assume 7 : AU {t} — A U {¢} misses some point in 4 U {¢}, and
consider cases on whether it misses ¢; or 7(¢) = t; or “otherwise”, which is
where the thinking is required.

The classical proof of the Schroder-Bernstein Theorem 2.26 uses induction
on the natural numbers and we cannot justify it now. In the next two problems
we outline a very different proof (due to Zermelo), somewhat opaque in its
motivation but elegant, short and in no way dependent on the natural numbers.

*x4.26. If A/ C B C A and A =. A’. then also A =. B. HINT. Suppose
f : A —» A'is a correspondence which witnesses that 4 =, f[A] = A’, and

0=B\[[4]
is the set of objects in B which are not in the image of A4 by /. We define the
family of subsets of A4

T ={X[QUIX]C X}
and we first verify that its intersection is a member of it,
T =4 ﬂy €T,
so that Q U f[T] € T. With a bit more work we can show that, in fact,
T = Q U f[T]: this identity then implies that
B=TU(f[4]\ fIT]).
which completes the proof, since T and (f[A4]\ f[T]) are disjoint sets and
their union is (easily now) equinumerous with 4.

*x4.27. Use Problem x4.26 to give a proof of the Schroder-Bernstein Theorem
from the axioms. HINT. If /' : 4> C and g : C — A, then






CHAPTER 5

THE NATURAL NUMBERS

Our fundamental intuitive understanding of the natural numbers is that there
is a (least) number 0, that every number 7 has a successor Sn, and that if we
start with 0 and construct in sequence the successor of every number

0.80=1, 8S1=2 82=3, ...

forever, then in time we will reach every natural number. In set theoretic terms
we can capture this intuition by the following axiomatic characterization.

5.1. Definition. A Peano system or system of natural numbers is any structured
set

(N,0.5) = (N, (0.,5))
which satisfies the following conditions.

1. Nis a set which contains the element 0, 0 € N.
SisafunctiononN, S : N — N.

S is an injection, Sn = Sm=n = m.
Foreachn € N, Sn # 0.

Induction Principle. For each X C N,

DeX&(VneN)ne X=Snec X]]J=X=N.

Wk w N

These obvious properties of the natural numbers are called the axioms of
Peano in honor of the Italian logician and mathematician who first proposed
them as an axiomatic foundation of number theory, following their earlier
formulation by Dedekind. Most significant among them is the Induction
Principle, whose typical application is illustrated in the proof of the next
lemma.

5.2. Lemma. In a Peano system (N,0,S), every element n # 0 is a successor,
if n#0, then (3m € N)[n = Sm].
and for each n, Sn # n.

Proor. To prove the first assertion by the Induction Principle, it is enough
to show that the set

X={neN|n=0V(ImeN)[n=_Sm]}

51
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satisfies the conditions
0cX. (VneN)neX=SneclX]

and both of these are obvious from the definition of X. In the same way, for
the second assertion it is enough to verify that SO # 0 (which holds because,
in general, Sn # 0) and that Sn # n=—>S5Sn # Sn: this holds because S is
one-to-one, so that SSn = Sn — Sn = n. =

Number theory is one of the richest and most sophisticated fields of math-
ematics and it is by no means obvious that it can be developed on the basis of
these five, simple properties; in fact they do not suffice, one also needs to use
set theory which (in its naive form) Peano took for granted. as part of “logic”.
Here we will only show that the axioms imply the first, most basic properties
of addition, multiplication and the ordering on the natural numbers, which
is all we need. The proofs we will give, however, are characteristic examples
of the use of the Peano axioms in the more advanced parts of the theory of
numbers.

If number theory can be developed from the Peano axioms, then to give a
faithful representation of the natural numbers in set theory, it is enough to
prove from the axioms the following two theorems.

5.3. Theorem (Existence of the natural numbers). There exists at least one Pe-
ano system (N, 0, S).

5.4. Theorem (Uniqueness of the natural numbers). For any two Peano systems
(N1, 01, 81) and (N2, 04, S,), there exists one (and only one) bijection

T N1 —> N2
such that
n(01) = 0.
n(Sin) = Son(n) (n € Ny).

A bijection n which satisfies these identities is an isomorphism of the two
systems (N, 01,S1) and (N5, 05,.5,). so that the theorem asserts that any two
Peano systems are (uniquely) isomorphic.

The Existence Theorem is very simple and we can prove it immediately.

5.5. Proof of the existence of natural numbers, 5.3. The Axiom of Infinity (VI)
guarantees the existence of a set / such that

Del
(Vn)[n € I = {n} €1].

Using this 7, first we define the family of sets
FI={XCI|0eX&(Vn)neX={n}e X}
so that obviously I € .7, and then we set
N=N~., 0=0, S={(n.m)eNxN|m={n}}.
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0o 1 2 3
FiGURE 5.1. The Recursion Theorem.

To finish off the proof, it suffices to verify that this triple (N, 0, S) is a Peano
system. To begin with, N € #, because X € ¥ =0 € X and hence
f € ¥ = N, and by the same thinking,

neN= (VX € F)ne X]|= (VX € J)[{n} € X]={n} € N.

This implies immediately the first two of the Peano axioms, the next two
hold because (in general, for all n, m) {n} = {m}=n = m and {n} # 0,
and the Induction Principle follows directly from the definition of N as an
intersection. —|

To prove the Uniqueness Theorem 5.4, we need the next fundamental result
of axiomatic number theory.

5.6. Recursion Theorem. Assume that (N,0,S) is a Peano system, E is some
set,a € E,and h : E — E is some function: it follows that there exists exactly
one function [ : N — E which satisfies the identities

f(0)=a,
f(8n)=h(f(n)) (neN).

The Recursion Theorem justifies the usual way by which we define functions
on the natural numbers. by recursion'? (or induction): to define f : N — E
first we specify the value f(0) = a and then we supply a function # : E — E
which determines the value f(Sn) of f at every successor Sn from the value
f(n) at its predecessor n, f(Sn) = h(f(n)). Our basic intuition about
the natural numbers with which we started this chapter clearly justifies such
definitions, so we should also be able to justify them on the basis of the axioms.

Before we establish the Recursion Theorem, let us use it in the next proof
which is a typical example of the way it is applied.

5.7. Proof of the uniqueness of the natural numbers, 5.4. We assume that
(N1, 01, 87) and (N3, 0,, S,) are Peano systems. By the Recursion Theorem on

2The terms “recursion” and “induction” are often used synonymously in mathematics. We
will follow the more recent convention which distinguishes recursive definitions from inductive
proofs.
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(Ny,0;1.87) with E = N,, a = 0,, h = S,, there exists exactly one function
7 : Ny — N, which satisfies the identities

n(01) = 0s.
n(Sin) = Son(n) (n e Ny),

and it suffices to verify that this 7 is a (one-to-one) correspondence.
(1) m is a surjection, 7 : N — N,. Obviously 0, € n[N;] since 0, = 7(0).
and

m € n[N|] = (3n € Ny)[m = =(n)]
= (3n € N)[Som = Spn(n) = n(S1n)]
— ng S ﬂ[N]],

so that by the Induction Principle on (N,,0,,S>), n[N;] = N,.
(2) 7 is an injection, 7 : Nj »— N,. It suffices to verify that if we set

X ={neN,|(VmeN)[n(m)=nr(n)=m = nl},
then
0eX, neX=SnelX,

since together with the Induction Principle on (Ny,0;,S;). this implies that
X = Ny, which means that z is an injection. For the first condition,

m # 0, = m = Sym’ for some m’, by Lemma 5.2
= n(m) = n(Sim’) = Syn(m’) # 0,

so that if #(m) = n(0;) = 0,, then m = 0; and 0; € X. For the second
condition, it is enough to show that

neX&nim)=n(Sin)=m=Sn.

By the hypothesis
n(m) = n(Sin) = Syn(n) # 0,.

which implies that m # 0y, since 7(0;) = 0, and 0; € X. By Lemma 5.2
again, m = Sym’ for some m’ € Ny,

a(m) = n(Sim’) = Son(m’)
and the hypothesis 7(m) = n(Sn) yields
Syn(m') = Syn(n).

which implies z(m’) = n(n). This, in turn, implies m’ = n because n € X, so
that m = Sym’ = Syn. the required conclusion. o
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5.8. Proof of the Recursion Theorem. Assume the hypotheses and define first
the set & of all approximations of the function which we want to construct:

p € & <=4 Function(p) (5-1)
& Domain(p) C N& Image(p) C E
&0 € Domain(p) & p(0) = a
& (Vn € N)[Sn € Domain(p)
= n € Domain(p) & p(Sn) = h(p(n))].

In words, each p € & is a function with domain a subset of N and valuesin E;
by the third clause, Domain(p) contains 0; and by the last one, Domain(p) is
“closed downward”, i.e., if Sn € Domain(p), then n € Domain(p), and the
value p(Sn) is determined by p(n). Some examples of approximations are

{(0.a)}. {(0.a). (S0. £ (a))}.{(0. ). (SO. £ (). (SSO. £ (f(@))}....

and they suggest how the required function f is “built up” stage-by-stage by
the recursive definition. To prove the theorem, we need to show (from the
axioms only, without “... ” or “etc.”) that there is exactly one approximation
with domain of definition all of N.

Lemma. Forall p,q € & andn € N,
n € Domain(p) N Domain(g) = p(n) = ¢(n).
Proof. The set

X={neN|(Vp.q € ¥)|n e Domain(p) N Domain(q) = p(n) = q(n)|}

clearly contains 0, since every p € & satisfies p(0) = a. If
ncX&pcS&qc s &Sn c Domain(p) N Domain(qg),
then
p(Sn) =h(pn)) because p € &7,
=h(q(n)) because p(n) = q(n).
= q(Sn) because ¢ € &,

so that if n € X, then Sn € X. It follows by the Induction Principle that
X = N, which completes the proof. - (Lemma)

The Lemma implies immediately that at most one function f : N — F
belongs to &, so to complete the proof of the theorem we need only show that
at least one such f exists. This is the union

£ =Us = {(n.w) | 3p € #)[n € Domain(p) & p(n) = w]}.
which is a function, because

(nw) € f&(nw') e f = 3p.qed)(nw)ep&nw)eq]
— w = w' from the Lemma,
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and then the definition of & and a similar calculation shows that f € &.
The only thing left is to verify that Domain(f) = N, and for that we will
use once more the Induction Principle. To begin with, 0 € Domain( f). since
0 € Domain(p) for every p € & and & # (). If n € Domain(f), then there
exists some function p € & with n € Domain(p), and hence (easily)

q=pU{(Sn.h(p(n)))} e .
so that Sn € Domain(g) C Domain(f). #

5.9. The natural numbers. We now fix a specific Peano system (N, 0, S) whose
members we will henceforth call natural numbers, or just numbers, when there
cannot be any confusion. Following Cantor, we denote the cardinal number
of N by the first Hebrew letter with the subscript 0, pronounced “aleph-zero”,

Ny =gr [N]. (5-2)

Later we will meet its followers R;, N5, etc. Functions ¢ : N — A4 with
domain N are called (infinite) sequences and we often write their argument as
a subscript,
a,=a(n) (mneN,a:N-— A).
An obvious choice for N would be the system which we constructed in the
proof of the Existence Theorem 5.3, where 0 = (),

N={0.{0}. {{0}}.... }

and Sn = {n}. Another choice which some would prefer on philosophical
grounds is to assert that there exists, in fact, a set

N={0.1.2....}

of the “true natural numbers”, which are not sets, and the successor function
S is nothing like the artificial (n — {n}), but it is the “natural successor func-
tion” which associates with each number 7 “the next number” Sun. Zermelo’s
theory allows such non-sets (like the “true numbers”) as atoms, and requires
only one thing: that the system of natural numbers satisfies the Peano axioms,
something which every serious person will surely grant. As far as the math-
ematical theory of numbers and sets is concerned, these two (and all other)
choices of the objects we will call numbers are equivalent, since we will base
all our proofs on the Peano axioms alone.

5.10. The Schroder-Bernstein Theorem 2.26. At this point, we should review
the proof of this important result and verify that we can now derive it from
the axioms:; this is because the recursive definitions of the sequences of sets
{4, }nen and {B, },en are justified by the Recursion Theorem, and their basic
properties are established by induction and simple manipulations of functions,
which can all be based on the results in Chapter 4.

There are many reformulations of the Recursion Theorem which are useful
in applications. We state here just two of them, whose proofs illustrate how the
theorem is used. Two more such results are included in the problems, x5.20
and x5.21.
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FIGURE 5.2. The Recursion Theorem with parameters.

5.11. Corollary (Recursion with parameters). For any two sets Y, E and func-
tions

g:Y—>E h:ExY—E,
there exists exactly one function f : N x Y — E which satisfies the identities
£0.y)=g(») (yev).
f(Sn.y)=h(f(n.y).y) (y€XYneN).
Proor. Foreach y € Y, we define the function 4, : E — E by the formula

hy(w) = h(w. y).
and by the Recursion Theorem we know that there exists exactly one function
fy:N—=FE
which satisfies the identity
fy(0)=g(»).
fy(Sn) = hy(fy(n)) = h(fy(n).y).

It follows immediately that the function f : N x ¥ — FE defined by the
formula

f(ny)=a fy(n) (y€¥YneN)
satisfies the conclusion of the Corollary. -

5.12. Corollary (Recursion with the argument as parameter). For every set E.
each a € E, and every function h : E x N — E, there is exactly one function
f N — E which satisfies the identities

f0)=a,
f(Sn)=h(f(n).n).
Similarly, with parameters, for every

g:Y—>E h:ExXNxY—E,
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there exists exactly one function f : N x Y — E which satisfies the identities

£Q0.y)=2(y) (yev).
f(Sn.y)=h(f(n.y).ny) (y€Y neN).
Proor. For the version with parameters, we define first a function
¢:NxY ->NxE

by recursion with parameters 5.11, where the component functions First and
Second are those of Exercise 4.3:

$(0.y) = (0.g(»))
#(Sn. y) = (SFirst(¢(n, y)). h(Second(¢(n, y)). First(p(n, y)). y)).

By induction on n, immediately,
First(¢(n. y)) = n.

and so the function ¢ satisfies the equations
$(0.y) =(0.g(»)).  ¢(Sn.y) = (Sn.h(Second(¢(n. y)).n. y)).

This implies immediately that the function

f(n.y) = Second(¢(n. y))

satisfies the required identities.
The uniqueness is easy to prove directly by induction on #. =
We now use these results to define and establish the basic properties of
addition, multiplication and the ordering on N.

5.13. Addition and multiplication. The addition function on the natural num-
bers is defined by the recursion

n+0 = n,
n+ (Sm) = S(n+m), (5-3)
and multiplication is defined next, using addition, by the recursion
n-0=0, (5-4)

n-Sm= (n-m)+n.

In more detail, we know from 5.11 that there exists exactly one function
f N x N — N which satisfies the identities

f(0.n) =g(n).
f(Sm.n) =h(f(m.n).n).
where the functions g and / have been given as sets of pairs,
g={(n.n) eNxN|neN},
h={((z,n),w) e (NxN) x N|w = Sz},
and we define addition by
n+m=q f(m.n).
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ie, + = {((n,m),w) | ((m,n),w) € f}. Such scholastic details do not
enhance understanding (rather the opposite) and we will avoid them in the
future.

5.14. Theorem. Addition is associative, i.e., it satisfies the identity
m+m)+k=n+m+k) (5-5)
ProoF. First for k =0,
(m+m)+0=n+m=n+(m+0),

using twice the identity w + 0 = w directly from the definition of addition.
Inductively, assuming that for some &

m+m)+k=n+m+k), (5-6)
we compute:
(m+m)+Sk=S((n+m)+k)
=S+ (m+k)) by (5-6)
=n+Sm+k)
=n+ (m+ Sk)
where the steps we did not justify follow from the definition of addition. -

The commutativity of addition is not quite so simple and requires two
lemmas.

5.15. Lemma. For every natural number n, 0+ n = n.

Proofr. Byinduction, 0+0 = 0 follows from the definition, and if 0+n = n,
then 0+ Sn = S(0 4 n) = Sn. —|

5.16. Lemma. Foralln,m,n+ Sm = Sn + m.
Proor. By induction on m, first for m = 0, immediately from the definition:

n+S0=Sn+0)=Sn=2Sn+0.
At the induction step, we assume that for some m
n-+Sm=Sn+m (5-7)

and we must show that

n+ SSm = Sn+ Sm.
Compute:

n+SSm=S(n+ Sm) by the definition

= S(Sn +m) from (5-7)

=Sn+ Sm by the definition. o
5.17. Theorem. Addition is a commutative function, i.e., it satisfies the identity

n+m=m+n.
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PrOOF is by induction on m, the basis being immediate from Lemma 5.15.
At the induction step, we assume that for some specific m

n+m=m-+n (5-8)
and we compute:
n+Sm=Shn+m) by the definition
=S(m+n) from (5-8)
=m+ Sn by the definition
=Sm+n by Lemma 5.16. .

5.18. Exercise. For every natural number n. the function (s — n+s) is one-to-
one, so thatn +s = n+t = s = t, and in particular

if n+s=n, then s =0.

5.19. Definition. A binary relation < on a set P is a partial ordering if it is
reflexive, transitive and antisymmetric, i.e., for all x, y,z € P,

x <x (reflexivity),
x<y&y<z=x<z (transitivity),
x<y&y<x=x=y, (antisymmetry).

In connection with partial orderings we will also use the notation
X<y <=aux<y&x#y.
The partial ordering < is total, or linear, or simply an ordering, if, in addition,
any two elements of P are comparable in <, i.e.,
(Vx.p € P)[x <yVy <x],
or equivalently
(Vx.yeP)[x<yVx=ypVy<x]

5.20. Definition. The binary relation < on P is a wellordering of P, if it is a
total ordering of P and, in addition, every non-empty subset of P has a least
element,

(VX C P)[X # 0= (3x € X)(Vy € X)[x < y]].
Correct English would have us call these “good orderings”, and in fact this is
what they are called in every other language, but the awkward “wellordering”
has been established so firmly that it is hopeless to try and change it.

5.21. Definition. The order relation < on the natural numbers is defined by
the equivalence
n<m g (3s)[n+s =m.
The most basic property of < is:
5.22. Lemma. For all natural numbers n, m,

n<Sm <= n<mVn=Sm.
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Proor. If n < Sm, then there is some ¢ such that n + ¢ = Sm by the
definition, and we consider two cases. CASE (1), # = 0. Now n + 0 = Sm,
hence n = Sm. CASE (2), n +t = Sm for some ¢ # 0. Now, by Lemma 5.2,
t = Ss for some s, so that n + Ss = Sm, hence S(n + 5) = Sm, hence
n+s = m because S is an injection and hence n < m. The converse direction
of the Lemma is easier. -

5.23. Theorem. The relation < on the natural numbers is a wellordering.

PrOOF. Reflexivity is immediate from #» + 0 = n and transitivity holds
becausen +s =m&m+t = k=n+ (s +t) = k. To prove antisymmetry,
notice thatif n + s = m and m 4 t = n, then n + (s + ¢) = n and by Exercise
5.18 we have s + ¢ = 0; this implies # = 0 (otherwise s + ¢ is a successor) and
hence m = n.

Proof of linearity. We show that (Vn)[n < m V m < n], by induction on m.
Notice first that for every n, n < Sn, because n + S0 = Sn.

Basis. Forevery n, 0+ n = n and hence 0 < n.

INDUCTION STEP. We assume the induction hypothesis

(Va)[n <mVm <n

and show that for each n, n < Sm VvV Sm < n. The induction hypotheses
naturally splits the proof up in two cases. If n < m, then n < Sm because
m < Sm and < is transitive. If m < n, then for some ¢, m + ¢ = n, and again
we have two cases: if t = 0, then n = m < Sm, and if t # 0, then ¢t = Ss for
some s, so m + Ss = n and from Lemma 5.16 Sm + s = n, hence Sm < n.

Proof of the wellordering property. Towards a contradiction, suppose that
X is non-empty but has no least element and let

Y={neN|(Vm<n)m¢X]}
so that obviously
Ynx=»0. (5-9)

It is enough to show that 0 € Y andn € Y = Sn € Y, because then ¥ = N
by the Induction Principle and hence X = () by (5-9), which is a contradiction.

Basis. 0 € Y. Since 0 is the least number, we must have 0 ¢ X (otherwise
X would have a least member) and alsom < 0=m = 0=m ¢ X, so
0OeY.

InpucTiON STEP. The induction hypothesis # € Y and the definition of
Y imply that (Vm < n)m ¢ X. and then we know from Lemma 5.22 that
m < Sn=—m < nV m = Sn. Hence to verify that Sn € Y, it is enough to
show that Sn ¢ X. But if Sn were a member of X, then it would be the least
member of X since

m<Sn < m<n byLemma5.22
= m ¢ X by theind. hyp.

This shows that < has the wellordering property and completes the proof of
the theorem. -



62 NOTES ON SET THEORY

About wellorderings, in general, we will say a lot in Chapter 7. In the
special case of the natural numbers, the fact that N is well ordered by < is
another manifestation of the Induction Principle.

Before we begin studying the applications of recursion to the theory of
finite and countable sets, we should recall the warning issued in 3.24: some
of them require the Axiom of Choice and we will not be able to justify them
axiomatically until we add that axiom to our system in Chapter 8. Most,
however, can be established by judicious applications of the general method
of proof which can be symbolized by the coupling

recursive definition — inductive proof.

First we repeat some of the definitions of Chapter 2, with the axiomatic
notions now at our disposal.

5.24. Definition. For any two natural numbers n < m, the (half-open) interval
from n to m is the set

[n.m) =4 {k €N |n<k&k <m}.
5.25. Exercise. For eachn,[n.n) =, and for alln < m,
[7, Sm) = [n,m) U {m}.

5.26. Definition. A set A is finite if there exists some natural number n such
that A =, [0,n); infinite if it is not finite; and countable if it is finite or
equinumerous with N. By Proposition 2.7 (which follows easily from the
axioms),

A is countable <— 4 <, N.

The finite cardinals are the cardinal numbers of finite sets.
The next crucial property of finite sets is the first, basic result in the field of
combinatorics.

5.27. Pigeonhole Principle. Every injection f : A — A of a finite set into itself
is also a surjection, i.e., f[A] = A.

Proor. It is enough to prove that for each natural number m and each g,
g :[0.m) = [0.m) =>¢[[0.m)] = [0.m). (5-10)

for the following reason: if f : 4 »— A is an injection and 7 : 4 »» [0.m)
witnesses that A is finite, we define g : [0, m) — [0, m) by the equation

gi) =n(f(=x7'() (i<m)
so that (easily)
f(x) =77 (g(x(x))) (x € A). (5-11)

Now g is an injection, as a composition of injections, so that from (5-10) it
is a bijection; but then f is also a bijection, because it is a composition of
bijections, by (5-11).
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FIGURE 5.3. CasE (3) in the Pigeonhole Principle proof.

The proof of (5-10) is (naturally) by induction on m. It is important to
note at the outset that what we will show is the general assertion

(Vg) [g : [0.m) — [0.m) == g[[0.m)] = [0.m)] . (5-12)

because in the verification of the induction step for some g we will need the
induction hypothesis for various other g’s.

Basis. (5-10) is trivial when m = 0, 1, because there is only one function
g :[0,m) — [0, m) in these cases and it is a bijection.

INDUCTION STEP. We assume (5-12) for some m > 1 and we proceed to
prove that every injection

g : [0, Sm) — [0, Sm)
is a surjection. From Exercise 5.25 we know that
[0. Sm) = [0.m) U {m}.

and the proof naturally splits into three cases.
Cask (1). m ¢ Image(g). Consider the restriction h of g to the interval
[0, m), which is defined by

h(i) =g(i) (i<m).

i.e.. as a set of pairs, h = g \ {(m.g(m))}. This takes all its values in [0, m)
and it is certainly an injection, so the induction hypothesis holds for it and
hence A[[0,m)] = [0.m). This means that g[[0, m)] = [0. m), which is absurd,
because the Case Hypothesis implies g(m) < m so that the value g(m) is
taken on twice and g is not an injection.

CasE (2). g(m) = m. By the same reasoning, the restriction / is a bijection
h :[0,m) = [0,m), and hence (trivially now) g is also a bijection.

CaSE (3). There exist numbers u, v < m such that

gu)=m, g(m)=wo.

In this most interesting case, we define the function 4’ : [0,m) — [0,m) by

the formula
W) = {g(l). lfz <m&i # u,
v, ifi =u.
Now /4’ is an injection, because it agrees with g at all arguments except u,
where it takes the value v; and v # g (), for every j < m, because g(m) = v
and g is an injection. The induction hypothesis applied to 4’ implies that
h'[[0,m)] = [0, m), and using this (easily), g[[0, Sm)] = [0. Sm). =
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Asafirst application we can give a rigorous proof of the following “obvious”
result.

5.28. Corollary. The set N of natural numbers is infinite.
Proor. The function (n +— Sn) is an injection of N into N \ {0}. =
It follows that “infinite, countable” means precisely “equinumerous with
N”, in accordance with our basic intuitions: a set 4 is countable, infinite just
when |4| =, Ny.
5.29. Corollary. For each finite set A, there exists exactly one natural number
n such that A =, [0.n). We let

#(A) =4 the unique n € N such that [4 =, |4| =, [0,n)] (5-13)

and we naturally call #(A4) the number of elements of A.

PrOOF. If 4 =, [0,n) and A =, [0, m) withn < m, then[0,n) =, [0, m) and
the correspondence 7 : [0, m) » [0, n) contradicts the Pigeonhole Principle,
since [0, 1) is a proper subset of [0, m). =

From this point on we can proceed to prove all the basic properties of finite
sets by induction on the number of elements in them, which is essentially their
cardinal number. The method is illustrated in the problems.

5.30. Strings. In Chapter 2 we used the n-fold Cartesian product 4” to rep-
resent sequences of length » from a given set A. This is not convenient when
we wish to study the set of all finite sequences from A, and it is better to
represent these using functions on initial segments of N. For each set 4, we
define the set of finite sequences, words or strings from A by

A" =4 {u C N x A4 | Function(x) & Domain(u) = [0.7)}.

S 5-14
A" =g U4, (5-14)
and we let

Th(u) =gr max{i | i =0V i—1¢€ Domain(u)} (ue€ A%); (5-15)

this is the length of the string u, so that 1h(z) = 0 exactly when u is the empty
string . We also let

uCov <=guCv (uveAd), (5-16)
and we call # an initial segment of v if u C v. If ay, ..., a,_ are elements of
A, we let

{ag,....an_1) =ar {(0,a0),....(n— 1L, a,_1)} (5-17)
be the sequence of these objects and, in particular (with n = 0, 1),
()=0. (a)=a {(0.a)}. (5-18)
For any two strings u. v, the string
uxv = (u(0),...,u(lh(u) —1),v(0),... ,v(lh(v) — 1)) (5-19)

is the concatenation of the strings # and v.
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For each f : N — A and each natural number #,
f(n) =g f110.n) ={(@@. f () | i<n} (5-20)
is the restriction of f to the initial segment [0, n) of N. For example,
fO)=0. f(1)={0.f£(0)}.....
and we can recover f from f, since
i<n= f(i) = f(n)@).
5.31. Definition. For each cardinal number x and each n € N, we set
K" =q4f |m(")\.
5.32. Proposition. For each countably infinite set A and eachn > 0,
A=, Ax A=, A" =. 4*.
As equations of cardinal arithmetic, these read.:
Ny =¢ No - Ro = Ro" =, |[No"|. (5-21)
Proofr. The inequalities from left to right are trivial, so by the Schroder-
Bernstein Theorem it is enough to show N* <. N. We need to start with some
injection
p:NxN—N, (5-22)

and let us first suppose that we have one. Using it, we define by recursion an
injection 7, : N+D N, for each n, so that

mo(u) = u(0).
M1 () = p(rn u[[0.n + 1)) u(n +1)):

in full detail (for the last time). this comes from the Recursion Theorem, by
setting

o= {(u.w) | u e NV_(0.w) € u}.
T = L, w) | u € N2 w = p(m,(u[0.n 4+ 1), u(n + 1))}.
Finally, the function

n(u) = (Ih(u) — 1, 7y ()

proves that | J noiON<”“) <. N x N, from which the full result follows immedi-
ately by using p once more. As far as choosing a p to start with, everyone has
their favorite way of coding pairs and Cantor’s illustrated in Figure 2.2 will
certainly do. Here is another one, due to Godel and pictured in Figure 5.4:

(m+1)2—1, ifm=n,
plm.n) =<{ n*>+m, ifm < n,
m4+m+n, ifn<m.

The proof that it actually works is fun (Problem x5.24). o
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FIGURE 5.4. A pairing of N x N with N.

It is sometimes useful to think of A* as a generalization of N, generated
from the empty string { ) (instead of 0) by iterating the appending operations

Sa(u) =ux(a) (a€A).

one for each ¢ € A. This picture motivates the following, simple but useful
method of definition by recursion on 4*.

5.33. String Recursion Theorem. For any two sets A, E, each a € E and each
function h : E x A — E, there is exactly one function f : A* — E which
satisfies the identities

f)=a
Slux(x))=h(f(u).x) (ued. xcA).
Similarly, with parameters, for any
g Y—E h:ExAxY —E,
there exists exactly one function f : A* x Y — E which satisfies the identities
F(().0)=¢) (yer).
flux(x),y)=h(f(u.y).x.y) (wed.yec¥xecA).

Proor. For the version with parameters, we appeal to Corollary 5.12 to
obtain a function ¢ : N x 4* x Y — E which satisfies the identities

#(0.u.y) =g(y).
¢(n+1.u.y)=h(¢n.uy).uln).y).

and we set

fu.y) =o(h(u).u. y).

Clearly /({),y) = ¢(0,u,y) = g(y). so f(u, y) satisfies the first of the two
required identities. To see that it also satisfies the second, we show by an easy



CHAPTER 5. THE NATURAL NUMBERS 67

induction on 7 that for any two strings u, v,

(Vi < m)[u(i) = v(i)] = ¢(n.u. y) = ¢(n.v. y): ()
this is immediate at the basis since ¢(0,u. y) = g(») does not depend on u,
and in the induction step, assuming that (Vi < n + 1)[u(i) = v(i)].

pn+ L uy)=h(¢(n.u y).uln),y)
= h(¢(n.v,y),v(n).y) (ind. hyp. and hyp.)
=¢(n+1,v.y).
Now, using (x), we compute, for any u with Ih(z) = n and any x € A4,
fux(x).y)=¢n+ Lux(x).y)
= h(¢(n.ux(x).y).x.y)
=h(gp(n.u.y).x.y)  (by ()
=h(f(uy) x.y) (by the def. of f)
The uniqueness of 1 (u, y) is easy, by induction on lh(u). =

5.34. The continuum. The classical notation for the cardinal of P(N) uses the
German (Fraktur) letter ‘¢’

¢ =g [P(N)| =, 280, (5-23)

It is quite easy to establish the basic facts about ¢ using the properties of Xy in
(5-21) and elementary cardinal arithmetic. For example:

C-C=¢ 2N0 : 2N0 —c 2N0+N0 —c 2N0 =c C
The Schroder-Bernstein Theorem is also very useful: for example

¢ =¢ 2NO Sc NONO gc CNO = (2N0)N0 =c 2NO.NO == 2NO = ¢

which by Schroder-Bernstein implies that
= NONO = Ko,

Some of the problems ask for computations of this type. On the other hand,
the equinumerosity R =, P(N) will follow easily from the axioms once we have
defined the real numbers R in Appendix A, so that the Continuum Hypothesis
is equivalent to the proposition

(CH) (Ve <. [k <c Ry V& = c].

We will discuss CH extensively in Chapter 10, it is not that easy to resolve.

Problems for Chapter 5

x5.1. Multiplication on the natural numbers is associative.

x5.2. Multiplication on the natural numbers is commutative.



68 NOTES ON SET THEORY

x5.3. Exponentiation on the natural numbers is defined by the following
recursion on m:
n’ =1,
nSm —n" .5

Show that it satisfies the following identities (for n # 0):

n(m+/c) U nk7

n(m-k) _ (nm)k.

x5.4. Suppose (N;,01,S;) and (N,,0,,S,) are two Peano systems, +1. -1,
+3. -5 are the functions of addition and multiplication in these systems, and
7 : N; »» Nj is the “canonical” isomorphism between them defined in the
proof of Theorem 5.4. Show that 7 is an isomorphism with respect to addition
and multiplication also, i.e., for all n,m € Ny,

n(n+1m)=nn)+,7(m). nln-m)=nn),nalm).

x5.5. Suppose (N1, 01, .S7) and (N, 0,5, S5) are two Peano systems, <;, <, are
the respective wellorderings and 7 : N; ~» N is the canonical isomorphism.
Show that 7 is order preserving, i.e., for all n,m € Ny,

n<im < n(n) <, n(m).

x5.6. Every subset B of an interval [0, n) is equinumerous with some [0, m).
where m < n. It follows that if A is finite and B C A, then B is finite and
#(B) < #(4).

Every cardinal number is a set; a finite cardinal « is a cardinal number which
is a finite set.

x5.7. Prove that for every finite cardinal number &,
k= [0, #(k)).

x5.8. Show that for all n, m. [0, m) =, [n,n + m) and infer that the union of
two finite sets 4, B is finite and such that

if ANB =1, then #(4 U B) = #(4) + #(B).
It follows that for any two finite cardinals . 4,
#(k+ 1) =#(k) +#().

x5.9. If & is a finite set and every member of it is a finite set, then the unionset
J& is also finite.

x5.10. The product of two finite sets A, B is finite and such that
#(A x B) = #(A) - #(B).
It follows that for any two finite cardinals , A,
#H(k 1) =#(k) #().
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x5.11. The powerset of every finite set A is finite and
#(P(4)) = 2%,
It follows that for every finite cardinal &,
#(2r) = 2%,
x5.12. For all finite cardinals &, 4,
#(k) = #(k)*W.

x5.13. Show that if A4 is finite, then every surjection f : 4 — A isan injection.
(This is an alternative version of the Pigeonhole Principle.)

x5.14. For all cardinals x, 25 #. Rg. (Careful: we have not proved the
Comparability Hypothesis 3.1, and so you cannot appeal to it.)

x5.15. c+c=.Ny-c=.c-c=,c.
x5.16. ¢ =, 2°.
x5.17. For every cardinal number k >, 1, if kK - Kk =, k, then 2% =, kK",
x5.18. For each cardinal number « and each n € N,
r— OOl

where the left side is defined by 5.31 and the right side is cardinal exponentia-
tion.

x5.19. Foreachn #0, ¢" =, |¢*| =, «.

x5.20 (Simultaneous Recursion Theorem). For any two sets E7, E,, elements
a; € E|. ay € E; and functions 4y : E; x E; — E;, hy : E1 X E; — E5, there
exist unique functions

f1:N—>E1, fz:N—>E2
which satisfy the identities

f1(0) = ay. £2(0) = as.
filn+1) = (f1(n). fo(n)).  faln+1) = ha(f1(n). f2(n)).

*x5.21 (Nested Recursion Theorem). Prove that for any three functions
g Y—-E h:ExXNxY—>E andn:NxY — Y.
there is exactly one function f : N x Y — E which satisfies the identities

f0.y)=g(y). f(Sn.y)=h(f(n.zn(n.y)).ny).

HiNT. Define recursively a function ¢ : N — (N x (N — Y)) such that the
required functionis f (n. y) = Second(¢(n))(y).

x5.22. Give a recursive definition of the factorial
f(m)=1-2---(n—1)-n (with £(0) = 1, conventionally).
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x5.23. Give an explicit definition of the function f : A* — A* on the strings
from some set A4 which is defined by the string recursion

FUD =0 Slux(x)) = (x)*f(u).
x5.24. The function p in the proof of 5.32 is a bijection.

*x5.25. Every partial ordering < on a finite set P has a linearization, i.c., some
linear ordering <’ of P exists such that x < y = x <’ y.

*x5.26. The marriage problem. Suppose B is a finite set and 4 : B — P(G) is
a function, such that for each x € B, h(x) is a finite subset of G and

X € B=#(X) < #(U{h(x) | x € X}), (5-24)

so in particular each A (x) # (). Prove that there exists an injection f : B — G
such that

(Vx € B)[f(x) € h(x)]. (5-25)

Show also that the hypothesis (5-24) is necessary for the existence of some
injection f which satisfies (5-25). HINT. Take cases, on whether or not there
exists some ) # C C B such that #(C) = #(|J{h(x) | x € C}). The name
of the problem comes from the traditional interpretation, in which B is a set
of boys, G is a set of available girls and / assigns to each boy x the (finite)
set 1(x) of girls that he would be willing to marry. There are many other
applications of the problem, more useful and less sexist, for example when B
is a set of courses, G is a set of professors and / assigns to each course the set
of professors who can teach it (“the scheduling problem”).

The next problem justifies one more form of recursive definition which is
often useful in applications.

x5.27. Complete Recursion. For each & : E* — E, there exists exactly one
function f : N — E which satisfies the identity

f(n) =h(f(n)):
similarly, foreach /1 : E*xN — E, there exists exactly one function f : N — E
which satisfies the identity

f(n) =h(f(n).n).

The next problem gives a characterization of countable, infinite sets directly
in terms of the membership relation, with no appeal to the defined notions of
N and “function”.

x5.28. Prove the equivalence:

A=N = (I)N4=U&&becc&(NMNuc&)Iy ¢u)uU{y}ec&]
&V2)(DeZz&NVuecZ)Ay ¢u)luu{yt e Zn&ll=& C Z]].



CHAPTER 6

FIXED POINTS

The primary significance of the Recursion Theorem 5.6 is foundational, since
the result justifies on the basis of the axioms a method of definition of functions
which is intuitively obvious. From a purely mathematical point of view,
however, we can also view 5.6 as a theorem of existence and uniqueness of
solutions for systems of identities of the form

£0) =a 1)

f(Sx) = h(f(x)) (xeN),
where ¢« € E and h : E — E are given and the function f : N — E is
the unknown. In this chapter we will prove an elegant generalization of the
Recursion Theorem in the context of the theory of partial orderings, which
implies the existence and uniqueness of solutions for systems of functional
identities much more general than (6-1). The CONTINUOUS LEAST FIXED
PoiNT THEOREM 6.21 is fundamental for the theory of computation, it is the
basic mathematical tool of the so-called fixpoint theory of programs. In the
next chapter we will show that it is a special case of a much deeper FIxep PoINT
THEOREM of Zermelo, which is intimately related to the theory of wellorderings
and rich in set theoretic consequences: for example it implies directly the
Hypothesis of Cardinal Comparability, 3.1. Thus, in addition to its purely
mathematical significance, the Continuous Least Fixed Point Theorem yields
also an interesting point of contact between classical set theory and today’s
theoretical computer science.

In their simplest and most natural expressions, the Fixed Point Theorems
are somewhat abstract and apparently unrelated to the solution of systems
of functional identities to which we intend to apply them. To understand
what they say and how to use them, we will need to introduce first some basic
notions from the theory of partial orderings.

6.1. A partially ordered set or simply poset is a structured set
P = (Field(P), <p).

where Field(P) is an arbitrary set and <p is a partial ordering on Field(P),
i.e., a reflexive, transitive and antisymmetric binary relation. Notice that <p
determines P because it is reflexive,

x € Field(P) < x <p x.,

71
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FIGURE 6.1. A discrete and a flat poset.

so we can specify a poset P completely by defining its partial ordering <p. In
practice, however, the partial ordering <p is often clear from the context and
we will tend to identify a poset P with its field Field(P), following the general
convention about structured sets discussed in 4.30. For example, by the poset
N we obviously mean the pair (N, <), where < is the usual ordering on the set
of natural numbers. By this convention, the points of P are the members of
Field(P), a subset I C P is a subset I C Field(P), etc. Each I C P is a poset
in its own right, partially ordered by the restriction of <p to I,

x<;y <=gx<py&xcl&ycl (6-2)

which is (easily) a partial ordering. We will often deal with posets which have
a least element, and it will be convenient to use the same, standard symbol
L (read “bottom” or “least™) for it, just as we use the same symbol 0 for the
additive unit of every number system:

1 = 1 p =4 the least element of P (if it exists). (6-3)

Any set A can be viewed as a discrete poset in which no two elements are
comparable, i.e., partially ordered by the identity relation

x<y &= x=y (x.yeA).

Just above these in complexity are the flat posets which have a least element,
the only element involved in any comparisons: i.e.,

X<py <= x=LVx=y.

The simplest non-empty poset is a singleton {_L }, which is both discrete and
flat. Additional examples of posets are the sets of natural numbers N, rationals
Q and reals R, with their usual orderings. These are all linear (totally ordered)
posets. There is a large variety of finite posets and their study constitutes an
important research area of mathematics, but we will not be much concerned
with it here. Mostly we will use them as counterexamples. In drawing posets
weindicate x < y by placing y above or to the right of x and drawing a polygonal
line (sometimes directed. to avoid ambiguity) from x to y, which may pass
through other points, e.g., ¢ < e in Figure 6.2.13

6.2. Definition. Let P be a poset, S C P and M € P a member of P.

13There are those who draw posets growing fo the right. those who draw them growing up and
even those who draw them growing down; to the best of my knowledge, nobody pictures posets
growing to the left and it does not appear that any of the three common choices is dominant.
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FIGURE 6.2. A finite poset

1. M is an upper bound of S if it is greater than or equal to every element
of §,ie. if (Vx € S)[x < M].

2. M is maximum in S if it is a member and an upper bound of S, i.e., if
M e S&(Vx € S)[x < M].

3. M is a least upper bound of S if it is an upper bound and also less than
or equal to every other upper bound of S, i.e., if

(Vx € S)[x < M]&(YM')[(Vx € S)[x < M']= M < M'].

If M7, M, are both least upper bounds of S, then M| < M, (because M, is
an upper bound and M is a least upper bound) and symmetrically M, < M;,
so that M| = M,. i.e., S has at most one least upper bound. When it exists,
the least upper bound of a set S is denoted by

sup S = the least upper bound of S. (6-4)

The term “sup” from the Latin supremum (maximum) is justified by the
following observation.

6.3. Exercise. If M is maximum of a set S in a poset P, then M is also the least
upper bound of'S.

6.4. Exercise. In the poset of Figure 6.2, find subsets S with the following
properties: (1) S has no upper bound. (2) S has upper bounds but no least upper
bound. (3) S has a least upper bound but no maximum element.

6.5. Exercise. In any poset P, an element M is the least upper bound of the
empty set () if and only if M is the least element of P, i.e.,

L=sup0 (6-5)
if L or sup () exists.

6.6. Exercise. The powerset P(A) of every set A is partially ordered by the
relation

XCyuY =Sy XY CA,
so that | = () and for every S C P(A), the union \J S is the least upper bound
of S.14

14The partial ordering of P(A) is the restriction C 4 of the definite condition X C Y to P(A4),
and we often skip the subscript in referring to it, cf. 4.8.
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FIGURE 6.3. A partial function f : 4 — E.

Less trivial and more interesting for our purposes is the next example of a
poset.

6.7. Definition. A partial function on a set 4 to a set £ is any function with
domain of definition some subset of 4 and values in E., in symbols

f:A— E <=4 Function(f)&Domain(f) C A & Image(f) C E. (6-6)

For example, (n — (n — 1)) is a partial function on the natural numbers
defined only when n # 0, (x — +/x) is a partial function on the reals with
domain of definition {x | x > 0}, etc. A finite sequence u € A* is a
partial function u : N — A, as we defined it in 5.30. The empty set ) is
(trivially) a partial function (with empty domain of definition!) and every
(total) function on 4 to E is also a partial function, since (6-6) does not
exclude Domain(f) = 4,

0:A—E f:A—-E=—f:A4A—E.

We will use systematically the convenient half-arrow notation for partial func-
tions (recently established in computer science), as well as the common nota-
tions

f(x)] <= x € Domain(f). f(x)T <=qr x ¢ Domain(f)  (6-7)

to indicate that a partial function is defined or undefined at some point; we
sometimes read f (x) | as f(x) converges or f converges at x, and f(x) T as
f(x) diverges or f diverges at x.

6.8. Definition. For each 4 and E,
(A—E)=4¢{f CAXE|f:4—E} (6-8)

is the set of all partial functions from A4 to E, in analogy with the notation
(A — E) for the set of all (total) functions from A4 to E, cf. 4.14. The set
(A — E) is partially ordered by the relation C,

fCg = (xedlf(x)] =1lglx) | &f(x) =g

with least element L = 0.
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6.9. Exercise. Foreach A, E.
A—E)={f1X]|f:4A—>E&X C 4}.
Function restrictions are defined in (4-13).

Itis harder to find least upper bounds for sets in these partial function posets
than in powersets: if, for example, S C (N — N) contains the two (total)
constant functions x +— 0 and x +— 1, then any upper bound f : N — N of
S would satisfy both £(0) = 0 and f(0) = 1, which is absurd. On the other
hand, linearly ordered subsets of (4 — E) have least upper bounds, and this
is a fruitful property of these posets. worth a name.

6.10. Definition. A chain in a poset P is any linearly ordered subset S of P,
i.e., a set satisfying

(Vx.y e S)[x <yVy<x]
A poset P is chain-complete or inductive if every chain in P has a least upper
bound.

6.11. Exercise. The empty set is (trivially) a chain, hence every inductive poset
P has a least element 1. = sup ).

6.12. Exercise. Every flat poset is inductive; a discrete poset is inductive only
when it has exactly one element, in which case it is also flat.

6.13. Exercise. The image {x, | n € N} of a non-decreasing sequence
Xo<xp<x2< -ee
is a chain; thus, every non-decreasing sequence has a limit in an inductive poset,
lim, x, =q4f sup{x, | n € N}. (6-9)

6.14. Proposition. (1) For each set A, the powerset P(A) is inductive.
(2) For any two sets A, E. the poset (A — E) of all partial functions from A
to E is inductive.
(3) For every poset P, the set
Chains(P) = {S C P | S is a chain}
of all chains in P (partially ordered under C) is inductive.

Proor. (1) is immediate by Exercise 6.6. (2) If S C (4 — E) is a chain,
then the union | J S is a partial function and obviously, [ J S = sup S. (3) This
is also proved by observing that the union of a chain of chains in a poset is
also a chain. =

6.15. Exercise. Neither N (with the usual ordering) nor the finite poset of Fig-
ure 6.2 are inductive.

6.16. Exercise. For each set E. the set P = E* U (N — E) of finite and infinite
sequences from E is an inductive poset, under C.

6.17. Exercise. For any two sets A, E, the poset
(A—E) =4 {f € (4 — E)| f is one-to-one}
of partial injections from A to E (partially ordered by C) is inductive.
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We will find the most significant applications of the fixed point theorems in
partial function posets; but the proofs will use only the fact that these posets
are inductive, and there are lots of other interesting examples. Some of them
are described in the problems at the end of the chapter.

Finally, we need to delineate the type of functions on inductive posets which
must, necessarily, have fixed points.

6.18. Definition. A mapping!> 7 : P — Q ona poset P to another is monotone
ifforall x,y € P,
x <py=mn(x) <gn(y).
A monotone mapping need not be strictly increasing in the sense of
x<py=n(x)<gn(y).
e.g., every constant mapping is monotone.

Notice thatif 7 : P — Q is monotone and S C P is a chain, then the image
7[S] is also a chain; because given x = 7(u). y = n(v) with u,v € S, either
u < v, which implies x = n(u) < n(v) = y, or v < u, which similarly implies
y < x. This makes the next definition meaningful.

6.19. Definition. A monotone mapping = : P — Q on an inductive poset
to another is countably continuous if for every non-empty, countable chain
SCP,
n(sup S) = sup z[S].
6.20. Exercise. A monotone mapping = : P — Q on one inductive poset to
another is countably continuous if and only if for every non-decreasing sequence
xo <p X1 <p ... of elementsin P,
n(lim, x,) = lim, 7(x,).
Here the limit on the left is taken in P and the limit on the right is taken in Q.
6.21. Continuous Least Fixed Point Theorem. Every countably continuous,
monotone mapping © : P — P on an inductive poset into itself has exactly one
strongly least fixed point x*, which is characterized by the two properties
n(x*) = x*, (6-10)

(Vy € P)[n(y) <y=x" <yl (6-11)

ProOOF. The orbit of the least element | under x is defined by the simple
recursion on the natural numbers,

xo=1,

Xntl = 77,'()(?,1).

131t is convenient to refer to 7 : P — Q as a “mapping” rather than a “function” (which
means the same thing), because in the interesting applications P is some partial function space
(A — E). Q may be another partial function space, n takes partial functions as arguments
and (possibly) values and there are altogether too many functions around. Notice also that,
pedantically, 7 : Field(P) — Field(Q) is a mapping from the field of P to that of Q.
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F1GURE 6.4. The Continuous Least Fixed Point Theorem.

Clearly xo = L < xi, and by a trivial induction (using the monotonicity of
n), for every n, x, < x,1. Thus, the limit

x* =g¢ lim, x, = sup{x, | n € N} (6-12)
exists by 6.13, and by the countable continuity of 7,
(x*) = n(lim, x,) = lim, n(x,) = lim, x,.1 = x*.

For the second claimed property of x*, we assume n(y) < y and show by
induction that for every n, x, < y. Basis. xo = L < y. trivially. INDUCTION
SteP. The Induction Hypothesis gives us x,, < y, and we compute:

xp <y = n(x,) <n(y), (because 7 is monotone),
= x,41 <7n(y) <y. (bytheassumptionon y).

Thus, y is an upper bound of the set of values {x, | n € N} of the sequence,
and hence, x* =sup{x, |n € N} < y. —1

To apply the Continuous Least Fixed Point Theorem, we must formulate
the problem at hand as a question of existence and (sometimes) uniqueness
of solutions for an equation of the form n(x) = x, where z : P — P is
monotone and countably continuous on some inductive poset P. This is
typically the hardest part: to bring the problem in a form in which 6.21 can be
applied. Verification of the countable continuity of  is not necessary: because
we will show in the next chapter that 6.21 remains true if we simply remove the
hypothesis of countable continuity of =. In any case, most applications involve
simple monotone mappings on partial function posets for which it is often
trivial to recognize a much stronger, natural continuity property.

6.22. Definition. A partial function g : 4 — E is finite if it has finite domain,
i.e., if it is a finite set of ordered pairs.

A mapping 7 : (4 — E) — (B — M) from one partial function space into
another is continuous, if it is monotone and compact, i.e., foreach f : 4 — E,
andally € Bandv € M,

n(f)(y) =v=(3f0 C f)[fois finite &7(fo)(y) = v]. (6-13)
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The notation is a bit convoluted, but what it means is quite simple: to
compute 7( f)(y). we first compute the partial function /' = n(f) and then
we evaluate it at y, n(f)(y) = f/(»): a monotone mapping = is continuous
if each value n(f)(y) of n(f), whenever defined, depends only on finitely
many values of f. In fact, we can combine the conditions of monotonic-
ity and compactness in the following, simple characterization of continuity
for partial function space mappings which often allows the immediate—“by
inspection”—recognition that they are continuous.

6.23. Proposition. 4 mappingn : (A — E) — (B — M) is continuous if and
only if it satisfies both (6-13) and its converse, i.e., if for every f : A — E and
ally € Bandv € M.

7(f)(y) =v < 3fo C f)fois finite&n(fo)(y) =v].  (6-13%)
For example, the mapping z : (N — N) — (N — N) defined by
a(f) = (n f(n)+ f(n?)

is continuous, because (obviously) for every f and #,

n(f)(n) = =(fo)(n).

where f is the restriction of f to the two-element set {n, n*}.

PROOF OF 6.23. Suppose first that 7 is continuous, f : 4 — E, y € B, and
ve M. Ifn(f)(y) = b, then by the compactness of 7, there exists some finite
fo C f such that n(fy)(y) = v; and if such a finite fy C f exists, then the
monotonicity of 7 implies that z(f)(y) = v.

For the converse, assume that (6-13*) holds for every /' : 4 — E and
all y € B,v € M. This gives immediately the compactness of 7. To verify
that 7 is monotone, suppose /' C g and #n(f)(y) = v; by the = direction
of (6-13*), there is some finite o C f such that z(f)(y) = v; but now
fo C g. and so by the <= direction of (6-13*), n(g)(y) = v. -

6.24. Exercise. Show that the mapping n : (N — N) — (N — N) defined by
n(f) = (n— X, f(i))

is continuous. Compute n(n v 2n)(2) for this .

6.25. Definition. A function f : X — Y from one topological space to an-
other is (topologically) continuous, if the inverse image f ~![G] of every open
subset of Y is an open subset of X. The definition of a topological space was
sneaked in 4.30, as the first example of a structured set.

6.26. Exercise. A function f : X — Y from one topological space to another
is continuous if and only if the inverse image f ~'[F] of every closed subset of Y
is closed in X .

One might guess that our using the term “continuous” in Definition 6.22 is
not entirely accidental and that the notion of 6.22 has something to do with
topological continuity. Indeed it does: the notions are equivalent when the
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proper topology is put on partial function posets, but we will have no need of
this fact and will leave it for Problem x6.21.

6.27. About topology. General (pointset) topology is to set theory like parsley
to Greek food: some of it gets in almost every dish, but there are no great
“parsley recipes” that the good Greek cook needs to know. Many notions
and results of set theory are connected to topological ideas, but it is quite rare
that you can prove an interesting theorem about sets by quoting some deep
topological result. To avoid getting distracted with side issues, we will follow
the general policy of giving the most direct, set theoretically natural definitions
and proofs of the notions and results we need and leave the connections
with topology for the problems. Occasionally the most natural approach is
topological.

6.28. Lemma. If S C (4 — E) is a non-empty chain in a partial function poset
and fo C sup S is a finite function, then there exists some g € S such that
foCg.

PROOF is by induction on the number of elements in the domain of f.

Basis. fo = 0 is the partial function which is nowhere defined. There is
some g € S since S is non-empty, and § C g.

InpucTION STEP. The domain of £y has #n + 1 elements, so

fo=f1U{(x.w)} CsupS§.

where £ is a finite, partial function with just » elements in its domain, and
by induction hypothesis, there exists some g; € S such that f; C g;. Since
(x,w) € sup S, there must also exist some 4’ € S such that (x,w) € 4’, and
since S is a chain, either gy C &’ or i’ C g the g we need is the larger of
these two partial functions. o

6.29. Lemma. Every continuous mapping n : (A — E) — (B — M) is count-
ably continuous, in fact, for every (not necessarily countable) non-empty chain
SC(4—E).
n(supS) = supn[S].
PrOOF. Suppose S C (4 — E)isanon-empty chain with union / = sup S.
If g € S.then g < f, and since 7 is monotone we have 7(g) < n(f). so that

supz[S] = sup{n(g) | g € S} < (/).

For the converse inequality, we need to show that if z(f)(y) = v, then there
exists some g € S such that z(g)(y) = v. By the continuity of 7, there exists a
finite /o C f. such that already n(f)(y) = v: by the preceding Lemma, there
exists some g € S so that fy C g; and by the monotonicity of 7, this implies
n(fo) C n(g). In particular, since 7(fo)(y) = v, we have n(g)(y) = v. so
this is the g we need. -

The Continuous Least Fixed Point Theorem is evidently a simple corollary
of the Recursion Theorem on the natural numbers 5.6. In fact, it implies 5.6
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by a fairly direct argument, which is worth looking at, as it illustrates how we
intend to apply 6.21.

6.30. Proof of the Recursion Theorem from 6.21. For each given ¢ € E and
function & : E — E, we define the mapping

7:(N—E)— (N—E)
by the formula

a, if x =0,

n(f) = f". where f'(x) = {h(f(x —1)). ifx >0,

where ' is any partial function from N to £ and we understand the definition
naturally, so that

x>0=[f"(x)l = h(f(x-1) |+ fx-1)]]

Written out in detail, the mapping 7 associates a set of pairs f/ C (N x E)
with every f € (N — E) and it is defined by the equation

n(f) =1{(0.a)}
U{(x,h(w)) | x>0&(x—1Lw)e f} (f:N—E). (6-14)

From this we get that for every f and x,

n(/)(x) = n(fo)(x).

where fo = {(0.a)}if x =0and fo = {(x — I, f(x — 1))} if x > 0, so that
7 is continuous by Proposition 6.23, and hence countably continuous. Thus
by 6.21, it has a fixed point: that is, some partial function f* : N — E exists
which satisfies f* = n(f*), so that, immediately,

77(0)=a, (6-15)
S+ =nr(f"(x)) (f*(x)]). (6-16)
Theorem 6.21 does not guarantee that this /™ is a total function, with domain

of definition the entire N, but this can be verified by an easy induction on x
using the identities (6-15) and (6-16). .

Consider next a case where it is not quite so obvious how to define the
function we want directly by the Recursion Theorem.

6.31. Proposition. For each function h : N — N and each infinite set A C N of
natural numbers, there exists a (total) function f : N — N which satisfies the
identity

0, ifn e A,
= 6-17

f) {h(f(n+ 1), ifnd A. (6-17)
ProOE. We define the mapping

n:(N—=N)— (N—=N)
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on the inductive poset of all unary, partial functions on N by the formula

2(f) = f'. where f'(n) {2’(}‘"(’; if)) —_— (6-18)

In full detail, this means we set

a(f)={(n.0)|necA}Uu{(nh(w)) |n¢ A&n+1,w) € [},

which implies by inspection that 7 is continuous, hence countably continuous.
Thus we must have a fixed point f which satisfies (6-17), and it is enough to
prove that this 1 is total. Assume towards a contradiction that f (n) T for some
n. Notice that by (6-17), this means that n ¢ 4, else f (n) |, in fact, f'(n) = 0.
We will prove by induction on i that f(n + i) T, which implies again that for
all i, n+1i ¢ A, so that 4 C [0, n) is finite, contradicting the hypothesis.
Basis. If i = 0, then f(n 4+ 0) = f(n) T, by assumption. INDUCTION STEP.
Assume that f(n + i) T, so that by (6-17), once more, n + i ¢ A. Now this
implies that f(n+i) = h(f(n+i+1))sothat f(n+i+1)| = f(n+1)]
(since 4 is total), which violates the induction hypothesis. -
6.32. Exercise. Prove in detail that the mapping © in this proof is continuous.

Asathird, typical application of the Continuous Least Fixed Point Theorem
we consider the Euclidean algorithm.
6.33. Proposition. (1) There exists exactly one partial function f : Nx N — N
with domain of definition {(n,m) | n,m # 0} which satisfies the following
identities for all 0 < n < m:

fm.n) = f(n.m).
f(n.n) =n, (6-19)
fn.m) = f(n.m—n).
(2) The unique f* which satisfies the system (6-19) computes the greatest
common divisor of any two natural numbers different from 0,
f*(n,m) = ged(n, m) (6-20)
= the largest k which divides evenly
both natural numbers 7, m.

Proor. With each partial function f : N x N — N we associate the partial
function f’ : N x N — N which is defined by the formula

f(m.n), ifn>m>0,
f(n,m) =< n, ifn=m>0,

f(nom—n) if0<n<m,

and we set
n(f)=f".

The mapping 7 : (N x N) — N) — ((N x N) — N) is continuous, by
inspection. It follows that there exists a least partial function f/* : (NxN) — N
which satisfies

n(f*)=r1".
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FIGURE 6.5

and thisis (easily) equivalent with the system (6-19). Proofthatforalln, m # 0
[ (nom) | & f*(n.m) = ged(n. m)

is by induction on the sum n + m. (Take cases whethern > m > 0,n =m > 0
or 0 < n < m, and use the simple property of the natural numbers, that for
0 < n < m, the common divisors of n, m are precisely the same as the common
divisors of n.m — n.) -

In this example we do not need the Least Fixed Point Theorem to prove the
existence of a solution for the system (6-19), since we can verify directly that the
function gcd is a solution. Despite this, the proposition is important because
it yields a characterization of the function gcd which suggests a specific—and
simple—method for computing it. For example, using only the identities of
the system, we compute:

gcd(231,165) = ged(165,231) = ged(165,66) = ged(66, 165)
= gcd(66,99) = ged(66,33) = ged(33,66)
— 0cd(33,33) =33,

This computation of the value gcd(231, 165) is much simpler than the triv-
ial one, where we would search for the greatest common divisor by testing
in sequence all the numbers from 165 moving down, until we would find
some common divisor of 165 and 231. The example is quite general: the
characterization of a partial function f as the least solution of a system of
simple identities typically yields an algorithm, a “recipe” for the “mechani-
cal” computation of the values of f, and this is the underlying reason for
the significance of the Continuous Least Fixed Point Theorem in theoretical
computer science.

We end with a simple result about graphs which is related to the ideas of
this chapter, see Problems x6.16 and x6.17.

6.34. Definition. A graph is a structured set (G, —). where the set of edges
—¢ € G x G is an arbitrary binary relation on the set of nodes G. The
transitive closure of a graph G is the graph G = (G, =), where

X =g y <=y¢r thereis a path from x to y in G
= (Fzo.....z))[x =20 g 21 & - - &z,_1 —¢ z, = ]
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We draw graphs much like posets, except we forget about the convention of
“growing up or towards the right”: x —¢ y holds if there is an arrow from x
to y. and x =¢ y holds if you can move from x to y along the arrows of the
diagram. In Figure 6.5 we have f — f,a = aanda = c.but f % d.

6.35. Proposition. For each graph G, the transitive closure relation = ¢ satisfies
the equivalence
X=6y &= X —gyV(Az€G)[x =g z&z =5 y]. (6-21)
PRrROOF. Suppose first that (skipping the conjunction signs)
X =120 —GZ1 —~GZ22—7G " —GIn=D);
if n =1, we have x —¢ y.andif n > 1, then x —¢ z; and z; =¢ y (by the
definition of = ), so we have the right-hand side of (6-21), taking z = z;. The

converse is equally simple, taking cases on the two disjuncts of the right-hand
side. a

Problems for Chapter 6

x6.1. For every partial ordering < on a set 4. the converse relation
x<'y <=gyy<x

is also a partial ordering. Of the inductive posets (4 — E) and P(A4), which
one has an inductive, converse poset?

x6.2. Suppose <g is an inductive partial ordering on the set £, A is a set and
< is the “pointwise” partial ordering on the function space (4 — E),

f<g =aWxed[f(x)<pgx)] (f.g:4—E).
Prove that < is an inductive partial ordering on (4 — E).

x6.3. If the partial orderings <, <, on the respective sets P, P, are inductive,
then the following relation < on the Cartesian product Py x P; isalso inductive:

(x1.x2) < (V1. y2) =ar x1 <1 1 &x2 <5 .

With this partial ordering, the poset P; x P, is called the product of the two
posets Py and P».

x6.4. Suppose Py, P, Q are inductive posets. A mappingz : Py x P, — Q'is
separately monotone if for each x; € Py, the mapping (x; — 7(x1, x2)) on P,
is monotone, and symmetrically for each x, € P,. Prove that 7 is monotone
(on the product poset) if and only if it is separately monotone,

x6.5. Suppose P, P,. Q are inductive posets. A mappingzn : Py x P, — Q
is separately countably continuous, if for each x; € P;. the mapping (x,
n(x1. x2)) on P, is countably continuous, and symmetrically for each x, € P,.
Prove that 7 is countably continuous if and only if it is separately countably
continuous.
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6.36. Definition. A point M is maximal in a subset S of a poset P if M is a
member of S and no member of S is bigger,

McS&WVxeS)M<x=—=M=x].
A point m is minimal in S if it is a member of S and no member of S is smaller,
meS&(Vx € S)[x <m=x=m].
x6.6. Find in the poset of Figure 6.2 a subset S which has a maximal element

but no maximum and another subset S’ which has a minimal element but no
minimum.

*x6.7. Every finite, non-empty subset of an arbitrary poset P has at least one
maximal and one minimal member.

*x6.8. A finite poset P is inductive if and only if it has a least element.

An important notion in computer science is that of a stream, for example
the stream of bytes in a file transmitted over the telephone lines to my home
computer from the University of Athens CYBER. A stream is basically a
sequence, but it may be infinite, in the idealized case; terminated, if after some
stage an end-of-file signal comes and my machine knows that the transmis-
sion is done; or stalled, if after some stage the bytes stop coming, without
warning, perhaps because the CYBER died or the telephone connection was
interrupted.!®

6.37. Definition. For each set 4, we fix some ¢ ¢ A4 (for example, the object
r(A) of (3-4)) and we define the streams from A4 by:

Streams(4)
=i {0 N—=AU{t} [ (Vi< j)lo(j) ]| =[0(i) ] &a(i) # 1]]}.

We call a stream ¢ terminated or convergent if for some 7, o(n) = ¢, in which
case, by the definition Domain(cs) = [0,n + 1); infinite if Domain(s) = N;
and stalled if Domain(c) is a finite, initial segment of N but ¢ does not take
on the terminating value t. The infinite and stalled streams together are called
divergent.

x6.9. Foreach set 4, the set of streams Streams(A4) is an inductive poset under
the natural, partial ordering C, where, as for strings,

o1 <¢0Cr. (6-22)
What are its maximal elements?

x6.10. The concatenation ox7 of two streams is defined so that if ¢ is divergent,
then ¢ x 7 = ¢ and if ¢ is convergent with domain [0, n + 1), then

i<n=(ox1)(i)=0(i), (oxt)n+i)=1(i).

16Well, the CYBER has died completely since the first edition of these Notes, but the newer
machines and more robust telephone lines still quit unexpectedly on some occasions!
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Prove that x is a continuous function (of two variables) on Streams(A4).

The full Least Fixed Point Theorem can be proved directly and easily for
powersets:

*x6.11. Suppose 7 : P(4) — P(A4) is a monotone mapping on a powerset.
Prove that the set

=N{x[=(X) € X}
is the least fixed point of 7, and
A, =U{X | X C=(X)}
is the largest fixed point of 7.

The next few problems deal with “algorithmic” applications of the Least
Fixed Point Theorem.

x6.12. For each relation R C N x A, there exists a least partial function
f : N x A — Nsuch that

{ R(n.x) = f(n.x) =
~R(n.x) = f(n.x) = f(n+IX)
It follows that
f(n.x)| <= (3Gm >n)[R(m, x),
f(n.x)] = f(n x)=theleast m > n such that R(m, x).
x6.13. For any three partial functions f., g, # with domains and ranges

such that the identities below make sense, there exists a least partial function
f N x A — E which satisfies the identities

J(0.x) = folx),
fn+1.x)=h(f(n.gn x)).nx).

x6.14. Prove that there is exactly one total function f : N x N — N which
satisfies the identities

f£(0.n) = f(n,0) =0,
frn+1.m+1)=f(n.m)+ 1.
Compute f(5.23) using these identities and “explain” what f (n, m) is, for

any n, m.

6.38. Definition. On the set E* of strings (finite sequences) from a set E
defined in 5.30, we define the partial functions

head(u) = u(0), (6-23)
tail(u) = (u(1),... . u(lh(u) — 1)). (6-24)

Notice that head(u) | when 1h(x) > 0, while tail(u) is always defined, but it is
the empty string when lh(u) < 1
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x6.15. Prove that there exists a unique, total function r : E* — E* which
satisfies the identity

= {n ifTh(u) < 1,
7 H(tail(u) * (head(u)), if Th(u) > 1.

Compute r({a, b, ¢)) and describe r(u) in general.

x6.16. Prove that for each graph G. the relation =g is the least (under C)
transitive relation on G which includes the edge relation —¢.

x6.17. Prove that for every graph G with edge relation —, the relation =¢
is the common least fixed point of the following monotone operators on the
poset P(G x G) of all binary relations on G:

mi(R) ={(x.y) [ x = yV (32)[x =g z&(z.y) € R]},
m(R) ={(x.y) | x =6 y vV (F2)[(x.z) € R&z —¢ y]}.
3 (R) ={(x.y) | x =6 ¥V (32)[x —¢ z —¢ )]
V(3z,w)[x —¢ z&(z,w) € R&w —¢ y]}.
x6.18. Let Py, P, be inductive posets and
Py x Py, — Py,
TP xXPy,— Py

arbitrary countably continuous, monotone mappings, where P; x P, is the
product. Prove that there exist unique least, mutual or simultaneous fixed
points x|, x; which are characterized by the properties:

m(xf,x3) = 57, mxf,x3) = x3,
(Y. y2) <t m&m(yr. y2) <o o= x{ <1 y1 &x3 <5 yo.

The next problem is an algorithmic version of the well-known number
theoretic result, that for any two natural numbers n, m # 0, there exist (positive
or negative) integers o, f§ such that

gcd(n, m) = an + pm.
The proof uses some simple properties of the set of rational integers
Z={..,-3-2,-10123,...}
*x6.19. There exists exactly one pair of partial functions
a:NxN—-7Z, f:NxN-—-2Z,

with common domain of definition {(n,m) | n,m # 0} which satisfy the
following identities for all n, m, k > 0:

if n# m, then a(n.m) = B(m.n).
am.n) =1 pnn) =0,
an.n+k)=alnk)—Bnk). pnn+k)=pMnk).
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It follows that for any two natural numbers #n, m # 0,
gcd(n,m) = a(n.m)n + B(n, m)m.
x6.20. Find integers «, f € Z such that
33 =231a + 165p.
Find also integers oy, 1 € Z such that
1 =137a; +9970.

6.39. Definition. For each finite partial function g : 4 — E, the neighborhood
determined by g in the poset (4 — E) is the set

N(@g)=a{f:A—E|g<C [}

of all extensions of g. A set G C (A — E) is open in the topology of pointwise
convergence if’
f € G= (Jg.finite)[f € N(g) C G].

x6.21. Prove that the family of open sets in (4 — E) defined in 6.39 is a
topology by 4.30, and a mapping

n:(A—E)— (B— M)
is continuous in this topology by 6.25 if and only if it is continuous by 6.22.

6.40. Definition. A subset G C P of an inductive poset is Scott open if (1) it
is upward closed, i.e.,

xE€EG@&x<y=y€qa,
and (2) for every non-empty chain S C P,
supS € G = (Ix € S)[x € G].

*x6.22. Prove that the family of Scott open subsets of an inductive poset P is
a topology.

*x6.23. Suppose P and Q are inductive posets and 7 : P — Q is a mapping.
Prove that 7 is continuous in the relevant Scott topologies if and only if 7 is
monotone and for every non-empty chain S C P,

n(sup S) = sup n[S].
HinT. Some find it helpful for this problem to first prove and use the fact that
for every ¢ € P, theset {x € P | x < c} is Scott closed.

*x6.24. Suppose A is a countable set and 7 : (4 — E) — (B — M) isa
mapping. Show that 7 is continuous (by the definition in 6.22) if and only if it
is continuous with respect to the Scott topologies in the posets (4 — E) and
(B— M).

The Continuous Least Fixed Point Theorem is often formulated for the
class of directed-complete posets, particularly in Computer Science texts.
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6.41. Definition. A subset S C P of a poset P is directed if any two members
of S have an upper bound in S,

x.yeES=FzecS)[x<z&y <z].

A poset P is directed-complete (a dcpo) if every directed S C P has a least
upper bound.

x6.25. Everychainin a poset is a directed set, hence, every dcpo is an inductive
poset and the least fixed point theorems hold for directed-complete posets.

X6.26. For each 4 and E. the posets (4 — E) and (4 — E) are directed-
complete.

x6.27. A mappingn : (4 — E) — (B — M) is continuous if and only if for
each directed S C (4 — E),

n(sup S) = sup n[S].
x6.28. The product P; x P, (Problem x6.3) of two directed-complete partial
orderings is also directed-complete.

*x6.29. Every countable, inductive poset is directed-complete.

Actually the notions of inductive and directed-complete are equivalent; for

a monotone mapping 7 : P — Q on one inductive poset to another, the
equation

n(sup S) = supn[S] (6-25)

holds for all non-empty chains S C P if and only if it holds for all non-empty

directed sets S C P; and the characterization of Scott continuity in x6.24

holds whether A is countable or not. The proofs of these results are not
elementary and require the Axiom of Choice, see Problems x9.22 — x9.25.



CHAPTER 7

WELL ORDERED SETS

7.1. A well ordered set'” is a poset
U = (Field(U). <p).

where <y is a wellordering on Field(U), i.e., a linear (total) ordering on
Field(U) such that every non-empty X C Field(U) has a least member.
Associated with U is its strict ordering </,

X<yy <=ax <y y&x#y.

For example, the set N of natural numbers is well ordered by its natural
ordering, and so is each of its finite initial segments

[0.n)={i eN|i<n}.

A “longer” well ordered set is (N U {00}, <’), where oo is some object not in
N which we put after all the natural numbers, i.e.,

x<'y < y=o00V[x.y EN&x < y].

As we did with arbitrary posets in the preceding chapter, we will usually
identify U with its field, talk about the points or subsets of U, meaning the
members and subsets of Field(U), skip the subscript in <y or <y when it is
obvious from the context, etc.

The most basic results of the last two chapters were all proved by some
combination of the coupling

definition by recursion — proof by induction. (7-1)

In the simplest case, some function f : N — E is defined by recursion, some
properties of f are proved by induction and these in turn imply the theorem
we want. Typical are the Continuous Least Fixed Point and the Schroder-
Bernstein theorems which say nothing (explicitly) about recursion, induction
or any functions with domain N, but whose proofs most assuredly use precisely
these notions. We based the proof of the Recursion Theorem 5.6 directly on
the Induction Axiom for the natural numbers. The key fact, however, which

1"Do we dare call them wosets? It’s not much worse than posets and it would sure save a lot of
key strokes.

89
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Do o .. Y .. Y

FIGURE 7.1. The low end of a long wellordering.

can be generalized is that N is well ordered by its natural ordering. Here
we will generalize 5.6 to a powerful TRANSFINITE RECURSION THEOREM 7.24
which justifies definition by recursion of functions f : U — E on any well
ordered set U. Coupled with HARTOGS’ THEOREM 7.34 which guarantees the
existence of “arbitrarily large” well ordered sets, this makes it possible to apply
the basic idea of (7-1) in situations far removed from the natural numbers.
Typical applications are the FIxep PoINT THEOREM 7.35 and its corollary, the
LEasT Fixep PoiNT THEOREM 7.36, which is just 6.21 without the countable
continuity hypothesis.

7.2. A set A is well orderable if it admits a wellordering, so it is the field of
some well ordered set (4, <). One of the chief lessons of this chapter is that
well orderable sets behave much better than arbitrary sets: for example any
two of them are comparable in cardinality, either 4 <. B or B <. 4. In
fact, every set is well orderable. Zermelo showed this in 1904, settling with
one brilliant stroke the problem of Cardinal Comparability and a whole slew
of related, regularity questions about arbitrary sets. We will prove Zermelo’s
Wellordering Theorem in the next chapter, after we introduce the Axiom of
Choice on which it is based. It is worth pointing out here, however, that
the mathematical content of this fundamental result is just the sum of the
Transfinite Recursion and Hartogs” Theorems: the Axiom of Choice simply
allows us to put the two together.

7.3. Exercise. If C is well orderable and A <. C, then A is well orderable.

7.4. Exercise. If C is well orderable and there exists a surjection f : C — A,
then A <. C, and hence A is also well orderable.

7.5. Successor and limit points. Every well ordered set U looks at its low end
like an initial segment of N. If it is not empty, it must have a least member
which is typically denoted by 0 rather than L,

0 = 0y =4r the least element of U. (7-2)

Itis pictured by a hollow square, the first pointin Figure 7.1. Each x € U other
than the maximum (which may or may not exist) has an element following it
immediately,

S(x) =Sy(x) =g ming{y e U|x<y} (7-3)

The values of the partial function S : U — U are the successor points of U.
In addition, U may have limit points which are above 0 but not the successor
of anything:

Limity (x) <=4 0 < x & (Vu < x)(Fv)[u < v < x]. (7-4)
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These are pictured by black boxes in Figure 7.1. The first limit point of U is
typically denoted by

® = oy =¢ min{x € U | Limit(x)}. (7-5)
when it exists, the points below it are the finite points and the points above it

(including w) are the infinite points of U. If U is infinite, then the function
7 : N — U defined by the recursion

7(0) = 0y = the least member of U,
n(n+1) = Sy(rn(n)).

is an order-preserving correspondence of N with the finite points of U.

(7-6)

7.6. Exercise. For each subset I C U of a well ordered set U, the restriction
x<jy <=ax<yy&x.yel

of <y to I is a wellordering, so that I is a well ordered set in its own right with
this ordering.

7.7. Definition. A well ordered set U is an initial segment of V' if Field(U)
is a downward closed subset of Field(}7) and <y is the restriction of <j to
Field(U):
ULCV <=y Field(U) C Field(V) (7-7)
& (Vy € Field(U))(Vx <y y)[x € Field(U)]
& (Vx.y € Field(U))[x <y y <= x <p y].
Clearly V is an initial segment of itself, the trivial one. With each y € V' we
associate the proper initial segment of points strictly below y,
seg(y) =segy(y) =ar {x €V |x <y y} LV (7-8)
More precisely, this is the field of seg(y), but the ordering is determined by V'
and we will talk about initial segments as if they were just sets, as usual.

7.8. Exercise. If 0 is the least element of U, then seg(0) = (), and if x € U has
a successor, then

seg(S (x)) = seg(x) U {x}.
7.9. Proposition. A set I is an initial segment of a well ordered set U if and only
if I = U or for some x € U, I = seg(x).

Proor. If I C_ U, let x = min(U \ /) so that immediately,
yeseg(x) = y<x=yel
and to verify that I = seg(x), it is enough to prove
yel=y<x.

Towards a contradiction, if y € I but y £ x. then we must have x < y, which
implies x € I because / is downwards closed, contradicting the choice of x.
The converse is trivial. -
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7.10. Exercise. The family of initial segments of a well ordered set U is well
ordered by the relation C.

The general idea is to view a well ordered set U as a generalization of the
natural number sequence 0, 1,2, ... , possibly shorter than or of equal length
to N, typically much longer. The particular members of U will be of little
consequence: it is the length of the sequence in which we will be interested. We
introduce here the general notion of isomorphism which relates posets with
the same shape, the shape of a well ordered set being just a “length”.

7.11. Definition. A function z : P — Q from one poset into another is order-
preserving if for all x, y € P,

x<py < nlx) <pn(y):

a similarity is an order-preserving bijection  : P —» Q, and if one such exists
we call P and Q similar, order isomorphic or copies of each other. We write

P =, 0 <=4 (3n: P —» Q)[rnis a similarity].

The subscript o in =, stands for “order type”, a fancier expression for “shape”.
Notice that by our general convention of talking about a poset as if it were
its field, we write 7 : P —» Q for similarities instead of the more explicit
7 : Field(P) —» Field(Q).

7.12. Exercise. Every order-preserving m : P — Q from one poset to another is
monotone; but there exist monotone mappings which are not order-preserving.

7.13. Exercise. If P and Q are linear posets, then a function f : P — Q is
order-preserving if and only if it is strictly monotone, i.c.,

x<py=f(x) <o f(y)
In particular, order-preserving functions on well ordered sets are strictly mono-
tone, and hence one-to-one.
7.14. Exercise. For all posets P, Q. R,

P=,P
P=, Q:>Q:0R
P=,0&0 =, R— P =, R.

7.15. Lemma. If a poset P is similar to a well ordered set U, then it is also well
ordered.

PrOOF. Given ) # X C P, let p € U be the <y-least element of the image
n[X] and verify (easily) that x = 7~ !(p) is <p-least in X, because 7 preserves
the orderings. o

We can construct explicitly some fairly long wellorderings by starting with
N and its finite initial segments and applying repeatedly several natural op-
erations on posets which yield well ordered sets on well ordered arguments.
Here we look at just one of these, leaving the rest for the problems.
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FIGURE 7.2. The successor poset to P and Succ(N).

7.16. The successor Succ(P) of a poset P is obtained by adding a new point
above all the members of P. To be specific, we can choose to add to the field
of P the object

tp =4ar V(Fleld(P)) (7-9)
which is guaranteed by 3.11 to be a new element, and we set
X Sguee(p) ¥ =at X <pyV[x e P&y =tp]Vx=y=tp. (7-10)

If P is finite with n elements, then Succ(P) has n + 1 elements, in fact, easily
Succ([0, 7)) =, [0, (n+1)). On the other hand, Succ(N) is countably infinite,
but with a different, “longer” ordering than N, as it has a maximum element
which comes after all the natural numbers.

7.17. Exercise. If P =, Q. then Succ(P) =, Succ(Q).
7.18. Exercise. If U is well ordered, so is Succ(U).

Using this successor operation on posets, we can view each well ordered set
U as a proper initial segment of another,

U= SegSucc(U)(tU) ;SUCC(U)- (7'11)

7.19. Definition. A mapping n : P — P on a poset to itself is expansive, if for
all x € P, x < n(x).

7.20. Theorem. Every order-preserving injection @ : U — U of a well ordered
set into itself is expansive.
Proor. Towards a contradiction, assumethatz : U — U is order-preserving
but that for some x € U, n(x) < x, and let
x* =min{x € U | n(x) < x}.
Thus, n(x*) < x*, and so n(n(x*)) < n(x*) since 7 is an order-preserving
injection, which contradicts the choice of x*. o

7.21. Corollary. No well ordered set is similar with one of its proper initial
segments, and hence no two distinct initial segments of a well ordered set are
similar.

Proor. Every similarity z : U ~ seg(x) is (in particular) an order-pre-
serving injection of U into U, so we cannot have n(x) < x, by the theorem.
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Because a well ordered set may have limit points in addition to its 0 and its
successor points, it is easiest to generalize the principles of proof by complete
induction and definition by complete recursion.

7.22. Transfinite Induction Theorem. For every well ordered set U and every
unary definite condition P,

if (Vy € U)(Vx < y)P(x)==P(y)]then (Vy € U)P(y).
PrOOF. Assuming the opposite, towards a contradiction, let
y* =g min{y € U | (Vx < y)P(x) &-P(y)}:
the hypothesis yields P(y*), which contradicts the choice of y*. .

In specific cases, it is often just as easy to prove (Vy € U)P(y) by contra-
diction rather than appeal to 7.22, in effect repeating this little argument. It
depends on the statement to be proved and how much one is annoyed by deal-
ing with negative statements. We will illustrate both styles. Incidentally, the
term “transfinite” is used because U may be longer than N, but the theorem
also holds, of course, when U is finite or similar with N.

The next lemma is the key step in the proof of the fundamental theorem
which follows it.

7.23. Lemma. Suppose U is a well ordered set and h : (U — E) x U — E
maps the partial functions from U to E and U into E. It follows that for every
t € U, there exists exactly one function

o, :seg(t) — E
which satisfies the identity
o:(x) = h(o,seg(x).x) (x<1). (7-12)

Proor. By Transfinite Induction, assume that for each u < ¢ there exists
exactly one function g, : seg(u) — E such that

ou(x) = h(oy [seg(x).x) (x <u). (7-13)

The induction hypothesis gives us nothing if # = 0y is the least point in U,
but the required conclusion is trivial in this case taking gy = (). If t = Svisa
successor point in U, we set

o, =a, U{(v,h(g,.v))}:

now (7-13) holds for x < v by the induction hypothesis and it holds for x = v
by the definition (since o, | seg(t) = o,). For the last case, when ¢ is a limit
point, we need a

Sublemma. The set of functions {o, | u < t} is a chain under C, i.e.,

XxX<u<v<t=o,(x)=0,(x). (7-14)

Proof. Assume not and let x be least such that (7-14) fails for some u > x.,
u < v < t. This means that

o, [seg(x) = o, seg(x),
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and then by the identity which g, g, satisfy,

ou(x) = h(o, fseg(x), x)

= h(o, Iseg(x).x)

= 0,(x),
which contradicts the choice of x. - (Sublemma)

We now take
o, =U{ou|u<t}:

this is a function with domain seg(#) by the Sublemma. and it satisfies (7-12),
since for each x < ¢,

o:(x) = o,(x) for some u such that x < u < ¢,
= h(o, seg(x),x) byind. hyp., since u < ¢,
= h(o, |seg(x).x) since g, [seg(x) = o, [seg(x)
by the definition of o;.

This completes the proof of existence of ¢,, and its uniqueness is easily
verified by Transfinite Induction, using (7-12). -

7.24. Transfinite Recursion Theorem. For each well ordered set U and each
function h : (U — E) x U — E. there exists exactly one function f : U — E
which satisfies the identity

f(x)=h(fIseg(x).x) (x€U). (7-15)

Proor. Consider the well ordered set Succ(U) which has some point ¢ = ¢
on top of U, and the extension /' : (Succ(U) — E) x Succ(U) — E of h
defined by

, [ h(elUx). ifx e U
h'(o.x) = { e*, otherwise, i.e., if x =1,

where e* is some arbitrary member of E, of no consequence. The function 4’
has the correct domain for applying the Lemma to Succ(U) and /', because
segSuCC(U)(z) = U. For the top point 7, the Lemma gives a unique function
f =0, : U — E which satisfies (7-12) for all x € U. =

Perhaps the simplest, non-trivial application of Transfinite Recursion is
the definition of transfinite orbits for mappings of an inductive poset into
itself. We consider first the basic case of expansive mappings, defined in 7.19.
Expansive mappings are related to the monotone mappings we studied in the
last chapter, but the two notions do not coincide; for example, the constant
mapping X — () on P(N) is obviously monotone but not expansive, while

_JXxu{l} ifoeXx
”(X>—{Xu{z} if0¢ X
is expansive but (easily) not monotone. It turns out, however, that results

about expansive mappings can often be translated into similar results about
monotone mappings.
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FIGURE 7.3. The transfinite orbit of an expansive mapping.

7.25. Iteration Lemma. Suppose n : P — P is an expansive mapping on an
inductive poset and U is a well ordered set. There exists a unique function
g : U — P which satisfies the following conditions:

a(0) = L,
if x = S(y), theno(x) = n(a(y)). (7-16)
if Limit(x), then a(x) = supp {a(y) | y < x}.

In addition, this o is monotone from U to P, i.e.,
x<y=a(x)<pa(y). (7-17)

PrOOF. The conditions in (7-16) just about give a definition of ¢ by trans-
finite recursion, except that there is a problem in the limit case if the set
{a(y) | y < x} is not a chain in P. To account for this possibility, we define
o by appealing to Theorem 7.24 so that it satisfies the following:

1, if x =0,
(o (y)), if x = S(y) for some y,
a(x) = < supp {a(y) | y < x}, if Limit(x)
& (Vx1 < x3 < x)[o(x1) <p a(x2)].
1, otherwise,

where < = <y is the wellordering of U, as in the statement of the theorem.

Sublemma. For each x € U,
X1 <x <x=0(x1) <p o(x). (7-18)

Proof. Assume not and let x be least in U such that (7-18) fails. Since
(7-18) holds vacuously when x = 0 is the least element in U, we need consider
only two cases.

Cast 1. x = S(y) is a successor point. Assume x; < x3 < x. If xo < y, we
get a(x1) <p o(x2) by the choice of x. The only other possibility is that x, =
x, but then o(x;) <p () by the choice of x, and 6(y) < n(a(y)) = o(x)

by the expansiveness of 7. Thus, (7-18) holds for x, which is a contradiction.
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CASE 2. x is limit. By the choice of x,
X1 < x < x=0(x1) <o(xs). (7-19)
and so in order to get a contradiction, we only need show that
x1 < x=0(x1) <p o(x).

This holds because (7-19) and the definition of ¢ also imply immediately that
a(x) =supp{c(y) |y < x}. - (Sublemma)

The result now follows directly, since the Sublemma implies in particular
that the “otherwise” case in the definition of ¢ never comes up. .

The transfinite orbit ¢ : U — P of a mapping = : P — P guaranteed by
the Iteration Lemma is obviously an extension of the orbit (n — x,) which
we defined in the proof of the Continuous Least Fixed Point Theorem 6.21,
at least if the well ordered set U is longer than N. It is one of the tools we will
use in the proof of the Least Fixed Point Theorem, as follows.

7.26. Plan for a proof. Suppose that for the given inductive poset P, we can
construct a well ordered set U such that there exists no injection o : U — P.
In particular, the transfinite orbit ¢ : U — P of 7.25 cannot be an injection,
and so there must exist x < y such that ¢(x) = ¢(y). The monotonicity of ¢
implies that
x<u<y=o(x)=o0cu):
x has a successor since it is not maximum in U, x < Sx < y; and, hence,
o(x) =a(Sx) = n(o(x)).

in other words, the point o (x) is a fixed point of 7.

Thus, to prove that every expansive mapping z : P — P on an inductive
poset has a fixed point, it is sufficient to show that for each set P, there exists
some well ordered set U which cannot be injected into P. This is precisely
Hartogs’ Theorem, for which we aim next. To show it, we must study in some
detail the question of comparability of well ordered sets as to length.

The picture of the typical well ordered set in Figure 7.1 suggests that we
should be able to compare any two of them, line them up side-by-side, the least
element Oy of one facing the least element 0y of the other, the next Sy (0y)
facing Sy (0 ), the first limit point wy (if it exists) facing wy , etc. until we
run out of elements in either U or V. The precise version of this fact is a
generalization of the Uniqueness Theorem for the natural numbers 5.4.

7.27. Definition. An initial similarity
n:U—»naUCV
from one well ordered set into another is a similarity of U with an initial

segment of V. If such an initial similarity exists, we say that U is less than or
equal to V' in length, in symbols:

U<, V <=uGICVIU=,I] (7-20)
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FIGURE 7.4. Portrait of an initial similarity.

We also write
U<,V = UL, V&U#, V. (7-21)

By 7.9, every initial similarity 7 : U ~— V is either a similarity with V7, or one
with a proper initial segment of 7, so that

U<,V <= (3x € V)[U =, segy(x)]. (7-22)
7.28. Exercise. If 7 : U — V and p : V — W are initial similarities, then so
is their composition pr : U — W.
7.29. Proposition. For all well ordered sets U, V, W,

U<, U
if [U<, V&V <, W], then U <, W,
if [U<, V&YV <, Ul. then U =, V.
ProOOF. Only the third of these assertions needs proof and it follows from

7.21. The composition pz of the initial similaritiesz : U — V,p: V — U
witnessing the hypothesis is an initial similarity pz : U »— U, which if it

were not onto, would witness that U is similar with one of its proper initial
segments; so it is a bijection, and then 7 must also be a bijection. =

7.30. Theorem. A function n : U — V is an initial similarity of a well ordered
set into another if and only if it satisfies the identity
n(x) =miny{y € V | Vu <y x)[z(u) <y y]} (x € U). (7-23)
Proor. If 7 : U — V is an initial similarity, then it is order-preserving and
one-to-one, so it satisfies
Vu <y x)[n(u) <y n(x)]. (7-24)
and hence
z=miny{y € V| (Vu <y x)[r(u) <y y1} <y n(x).

Since 7 is initial and z <, 7(x), there exists some u € U such that z(u) = z.
Assuming towards a contradiction that z = n(u) <y n(x), we infer that
u <y x because 7 is an order-preserving injection; and hence n(u) <y z by
the definition of z, which is absurd since z = 7(u).

Conversely, if # : U — V satisfies (7-23), then it is an order-preserving
injection, since by (7-23), u <y x==n(u) <y n(x). Suppose the image
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n[U] is not an initial segment of V" and choose x least in U such that there
exists some y <y 7n(x), y ¢ n[U]. Now =n[segy(x)] C V by the choice of
X: it is a proper initial segment since it does not contain y; so n[segy (x)] =
segy (z) for some z € V, and (7-23) yields n(x) = z. Thus y <y z and
y € segy(z) = n[segy (x)]. which is absurd. -

7.31. Theorem (Comparability of well ordered sets). For any two well ordered
sets U, V', either U <, VorV <, U.

ProOOF. The result is trivial if ' = (), so we may assume the minimum 0y
exists. By the Transfinite Recursion Theorem 7.24, there exists a function
7 : U — V which satisfies the identity

miny{y € V | Vu <y x)[z(u) <y y1}.
n(x) = if 3y € V)(Vu <y x)[n(u) <y y]. (7-25)
0y, otherwise.

In pedantic detail, we are applying here Theorem 7.24 with the mapping
h:(U—E)x U — E, defined by

miny{y € V| Vu <y x)[p(u) <y y1}.
h(p,x) = if By € V)(vu <v x)[p(u) <y yl.
0y . otherwise.

We now distinguish two possibilities.

CASE 1. For every x # Op.m(x) # 0p. This means that the second case
in (7-25) never applies, 7 satisfies the identity (7-23) and it must be an initial
similarity by Theorem 7.30.

CASE 2. For some a € U,a # Oy, we have n(a) = 0y. Let a # Oy be least
in U and such that 7(a) = 0y, and consider the restriction

p = (nsegy(a)) : segy(a) — V.

Now p satisfies (7-23), so by Theorem 7.30, it is an initial similarity of seg (@)
into V. In particular, the image p[segy (a)] = n[segy (a)]is an initial segment
of V' if it were proper, then n[segy(a)] = segy (z) for some z € V and
(7-25) would yield n(a) = z # 0y, contradicting the choice of a; hence,
n[segy(a)] = V. Thus, V =, segy(a), which gives us an initial similarity of
V into U. =

This fundamental theorem has a host of corollaries, some of which are
worth listing immediately. The first one gives us an easier way to compare
well ordered sets.

7.32. Corollary. For all well ordered sets U, V',
U<,V <= (3n: U V)[ris order-preserving].

PrOOR. Suppose 7 : U — V is order-preserving but U £, V', so that
V <, U. It follows that V =, segy(x) for some x by (7-22), and composing
the order-preserving injections we get an injection p : U ~ segy (x) which is
still order-preserving and violates 7.20. =
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7.33. Corollary (Wellfoundedness of <,). Every non-empty class & of well or-
dered sets has a <,-least member, i.e., for some Uy € & and all U € &,
UO Sa U.

Proor. The hypothesis gives us some W € &, and if W is <,-least in &,
thereis nothing to prove. If not, then 7.31 implies that there exists well ordered
sets in & which are similar with proper initial segments of W, so the set

J =4 {x € W|(@3EU € &)U =, segw(x)]} (7-26)

is non-empty and it has a <jy-least element x. By the definition of J, there
exist some Uy € & such that Uy =, seg; (x) and we claim that this Uj is
<,-least in &. To prove it, assume towards a contradiction that for some
Ucé&, Uy %, U; hence U <, Uy =, segy (x): hence U =, segy () for
some y <y X, contradicting the choice of x. =

Most often this is applied when & is actually a set, a family of well ordered
sets, but occasionally it is convenient to cite it more generally for classes. For
example, there exists a <,-least well ordered set which has a limit point—
namely Succ(N).

After all this work, still we have not constructed any uncountable well
ordered sets and it might appear that all our results apply only to peculiar,
long reshufflings of N. Next comes the second basic theorem of this chapter
which rectifies the situation.

7.34. Hartogs’ Theorem. There is a definite operation y(A) which associates
with each set A, a well ordered set

x(4) = (h(4). <))

such that h(A) £. A, i.e., there exists no injection n : h(A) — A. Moreover,
y(A) is <,-minimal with this property, i.e., for every well ordered set W,

if W 4. A, then y(4) <, W. (7-27)
Proor. First set
WO(A) =4r {U | U = (Field(U). <y ) is a well ordered set
with Field(U) C 4},  (7-28)
and let ~4 be the restriction of the definite condition =, to WO(A4),
U~y V =g UV eEWOUA&U =, V.
Clearly ~ 4 is an equivalence relation on WO(A4), and we set
h(A) =4t [WO(A4)/~4] € P(WO(4)). (7-29)
We order the equivalence classes in /1(A) by their “representatives”.
(U/~a] <) [Vl = U LS, Vs (7-30)
this makes sense because if

[(U/~a]l =[U"J~ul. [V/~al =V /~4]. and U <, ¥,



CHAPTER 7. WELL ORDERED SETS 101

then U’ =, U <, V' =, V'. The fact that <, is a wellordering of /(4)
follows easﬂy from the general properties of <,, 7.31 and 7.33. Taking the
negation of both sides of (7-30) we infer its str1ct version,

V<, U = [V]/~al <y [U/~4] (UV € WO(4)). (7-31)
The basic properties of the Hartogs operation are embodied in the following
Lemma. For every a = [U/~4] € h(A),
seg,(4)(a) = {[segu(x)/~4] | x € U} =, U

In particular, every proper initial segment of y(A) is similar with some well
ordered set U € WO(A), and every U € WO(A) is similar with a proper, initial

segment of y(A).
Proof. We verify first the identity
segl(A)(a) = {[segy(x)/~4]| x € U}.
If = [V/~4] <, @ then V <, U from (7-31). and hence V' =, segy (x)
for some x € U, so that f = [segy(x )/NA]. Conversely, for each x € U,
segy (x) <, U. hence, [segy (x)/~4] <,(4) [U/~4] = a. again by (7-31).
To show the similarity

U =, seg, (4 (a) = {[segu(x)/~4] | x € U}.
define p : U — h(A4) by
p(x) = [segu(x)/~4l. (x € U):
now p is a similarity of U with the image p[U]. because
x<yy <= segyu(x) Csegy(y)
= segy(x) <, segu(y)
> [segu(x)/~a] <,4) [segu(y)/~4]. 4 (Lemma)
Suppose now, towards a contradiction, that there exists an injection
n:h(A)— A,

and let B = n[h(A4)] C A be its image. The injection 7 copies the wellordering
of h(A4) to a wellordering of B,

x<py <=an '(x) <un'(y) (x.yeB)
so that U = (B, <p) is a well ordered subset of 4, and by its definition,
U=, y(4). (7-32)

But U is similar with a proper initial segment of y(A4) by the Lemma, and
hence U <, y(A4), which contradicts U =, y(4).

To show the minimality of y(A). notice that for any well ordered set W, if
W <, x(A4). then W =, seg, ) () for some a = [U/~4]. so that W =, U
by the Lemma. Thus,

if W<, x(4), then W <, A4, (7-33)
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since (the field of) U is a subset of 4 and similarities are injections. Taking
the negation of both sides,

if W £, A, then -[W <, y(A4)], hence y(4) <, W. =

Of course, we would like to prove that 4 <. y(A4) instead of the timid
y(A) £, A, and this is certainly true, but its proof depends on the Axiom of
Choice. Wait for a bit until we finally bring the Deus ex Machina onto the
stage.

The annoying details of this proof are forced on us by the fact that the
restriction < 4 of the definite condition <, to WO(A) is not a wellordering, for
the trivial reason that it is not antisymmetric: there may exist distinct, similar
U V € WO(A), in fact they always do, if 4 has more than one element. This
is why we were forced to take /1(A4) as a set of equivalence classes rather than
simply set 4(4) = WO(A). Technically, <, is a prewellordering (ugh!) and
it is worth recasting the argument in a different form, after introducing this
notion. See Problems x7.17 — x7.20.

The Hartogs operation can be used to construct general infimum and supre-
mum operation for families of well ordered sets (Problems x7.26 and x7.27),
and it has many other interesting properties. We use it next to extend the
Continuous Least Fixed Point Theorem 6.21 to discontinuous mappings. Let
us first put down, for the record, the Fixed Point Theorem for expansive
mappings. which we have already discussed.

7.35. Fixed Point Theorem (Zermelo).'® Every expansive mapping n : P — P
on an inductive poset has at least one fixed point, i.e., some x* € P satisfies the
equation

x* = m(x*).

ProoFr. The argument given in 7.26 needs only some well ordered set U
which cannot be injected into P, and U = y(P) does it. o
7.36. Least Fixed Point Theorem. Every monotone mapping n : P — P on an
inductive poset has a (unique) least fixed point, i.e., for some x* € P,

a(x*) = x*,
(Vy € P)[n(y) =y =x" < yl.
In fact, x* satisfies the following, strong minimality property:
(Vy € P)[n(y) <y =x" <yl (7-34)
ProOF. A careful examination of the proof of the Iteration Lemma 7.25

and the proof of the Fixed Point Theorem 7.26 reveals that exactly the same
construction of the fixed point for an expansive mapping works and yields

18 Zermelo did not formulate the Fixed Point Theorem in this generality, which is why it and
many of its Corollaries have been attributed at various times to later mathematicians. But the
famous “first proof” of the Wellordering Theorem which Zermelo gave in 1904 proves exactly this
result, trivially restricted to the special case which interested him.
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the least fixed point of a monotone mapping. However, it is not necessary
to do this, as the Least Fixed Point Theorem is an easy consequence of the
Fixed Point Theorem. The basic idea is to observe that the given monotone
mapping 7 is necessarily expansive on some inductive sub-poset of P.
Let
O={xeP|x<nlx)&Wy)r(y) <y=x<yl}
and observe first that the restriction

<o={(x.y) [ x.y € Q&x <p y}
of <p to Q is also a partial ordering—this is automatically true for the re-
striction of <p to any subset of P. (We skip the subscripts » and ¢ for the
remaining of the argument.) In addition, z[Q] C Q. because

x < n(x)=n(x) < n(n(x)),
and for every y,
n(y) < y&x <y=nx) <nly) <y
by the monotonicity of 7. It follows that the restriction

no = {(x.7n(x)) | x € 0}
of 7 to Q is a mapping on Q. it continues to be monotone (of course) and
it is also expansive, because of the definition of Q. To apply the Fixed Point
Theorem 7.35 to O and 7y we need the following.

Lemma. The poset Q is inductive.

Proof’. It is enough to show that for every chain S C Q, the least upper
bound M = sup S (which exists in P because P is inductive) is a member of
O.ie.(1) M <n(M),and (2) forevery y. n(y) < y = M < y. For (1) we
compute:

xeS = x<M, because M is an upper bound of S,
= n(x) < n(M), because 7 is monotone,
— x <7n(x)<n(M), becausex € S C Q,

and therefore (M ) is an upper bound of S and we have M = sup S < n(M).
(2) follows from the observation that every y such that z(y) < y is an upper
bound of Q (from Q’s definition), and therefore an upper bound of the smaller
set S C Q. sothat M = supS < y. - (Lemma)

By the Fixed Point Theorem 7.35 now, there exists some x* € Q, such that
n(x*) = x* and (7-34) holds simply because x* € Q.

That there is at most one least fixed point is obvious: if y* is also a least
fixed point, then x* < y* and y* < x*, so x* = p*. =

The full Least Fixed Point Theorem frees us from the necessity to check
continuity in the applications of least fixed points to computer science, the
fixpoint theory of programs. This is nice, but not very important, since (as
we observed in Chapter 6) the mappings which come up in algorithmic appli-
cations are typically continuous “by inspection”. However, the theorem has
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FiGure 7.5. The sum N +, N.

more significant, deeper applications to the general theory of sets, particularly
in the study of definability in set theory as well as the construction of examples
and counterexamples with specified properties. We will encounter several of
these in the chapters which follow.

Problems for Chapter 7

x7.1. Every linear ordering of a finite set is a wellordering. (See the related
Problem x6.7.)

7.37. The sum P +, Q of two posets P and Q is obtained by placing disjoint
copies of P and Q side-by-side, every point of P preceding every point of Q.
Formally, we set P +, Q = R, where

Field(R) =qr ({0} x Field(P)) U ({1} x Field(Q)), (7-35)
and for (i, x), (j, y) € Field(R),

(i.x) <gr (J.y) <=4 i<jVI[i=j=0&x <y y]
Vi=j=1&x <y y].

The idea is that P is similar with the set {0} x Field(P) partially ordered
by its second elements, by the obvious similarity (x — (0,x)), and (again)

0 =, {1} x Field(Q).
x72. If P=, P’and Q =, Q'. then P +, Q =, P’ +, Q'.
x7.3. For all posets P, Succ(P) =, P +,[0.1).
x7.4. For all posets P, O, R,
P+,(Q+o R) =, (P+, Q)+, R.
x7.5. If U and V are well ordered sets, then so is their sum U +, V.

x7.6. Provethat[0,1)+,N =, N #, N+,[0, 1), so that the addition operation
on well ordered sets is not commutative.

(7-36)

7.38. The product P -, Q of two posets is obtained by replacing each point of
Q by a copy of P. Formally, we let P -, Q = R, where

Field(R) = Field(P) x Field(Q). (7-37)

and <y is the inverse lexicographic ordering of pairs i.e., we compare the
second members first: for (xi, y1). (x2. y2) € Field(R),

(x1.31) <g (x2.2) <=ar y1 <o »2 V[V1 = 2 &x1 <p x2]. (7-38)



CHAPTER 7. WELL ORDERED SETS 105

AXB : ee... oo ... oo ... oo ...
FIGURE 7.6. The product of two well ordered sets.

There is no special reason for ordering pairs by looking at their second mem-
bers first, it is just that Cantor chose to do it this way and it has stuck.

x7.7. If P=, P andQ =, Q. then P -, Q =, P' -, O’.

x7.8. Prove that P -, [0,2) =, P +, P, but[0,2) -, N=, N #, N, [0,2), so
that multiplication of well ordered sets is not commutative.

x7.9. For all posets P, Q. R,
P (Q6R)=, (P Q)R
x7.10. The product of two well ordered sets is well ordered.
x7.11. For each well ordered set U, there exists exactly one function
Parity : U — N,
such that Parity(y) = 0if y = 0 or y is a limit point, and at successor points,
Parity(S(x)) = 1 — Parity(x).

x7.12. Every point y in a well ordered set U can be expressed uniquely in the
form

y =S"(x). (7-39)

where (1) x is either the minimum 0 or a limit point, (2) » is a natural number,
and (3) the function (i, x) — S’(x) is defined by the recursion

S%x)=x, S™x)=S(S"(x)).

x7.13. For any two well ordered sets U, V', there exists at most one initial
similarity 7z : U —» n[U] C V.

x7.14. For all well ordered sets U, V, W,

U<, V&V <, W = U<, W,
U<, V&V<, W = U<, W

x7.15. If x and A are well orderable cardinal numbers, then either k <, 4 or
A<, K.

*x7.16. If  is a well orderable, infinite cardinal number, then k + 1 =, «.
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(0,0) (1,0) (2.0) (0.1) (1,1) (2.1)
N 4 [0,2): O o o [ . .
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FIGURE 7.7. Multiplication of well ordered sets is not commutative.

7.39. Definition. A prewellordering on a set A is any relation 3 C 4 x 4 which
is reflexive, transitive, connected (total) and grounded. “Connected” means
that any two points in 4 are comparable,

(Vx.y € A)lx Iy Vy 3],
and “grounded” means that every non-empty X C A has a < -least member,
VX CA. X #0)3x € X)(Vy € X)[x 2 ).

A prewellordering would be a wellordering, if only it were antisymmetric.

x7.17. For each set 4, consider the set

B ={X C 4| X is finite}
of all finite subsets of A4, and set on B

XZ3pY =g X< Y
Prove that <p is a prewellordering.

x7.18. A relation 3 C 4 x A is a prewellordering if and only if there exists
a well ordered set U = (Field(U), <y) and a surjection 7 : 4 —» Field(U)
such that

x 3y = alx)<paly) (x.yed).

x7.19. For each set A4, the relation
UV <= UV eWOUA)&U <,V
is a prewellordering of WO(A).

x7.20. Rework the proof of Hartogs’ Theorem by applying the preceding two
problems.

x7.21. For every set 4, there exists a well ordered set V' such that there exists
no surjection : A —» V.

x7.22. Prove thatif 4 <. B, then y(A4) <, x(B).
x7.23. Prove that y([0.7n)) =, [0.n + 1).
x7.24. If W is a well ordered set and W <. A, then W <, y(A4).
x7.25. For each set A and each well ordered set U,
U<, y(4) <= Field(U) <. 4.



CHAPTER 7. WELL ORDERED SETS 107

-
VIV

|:| o o o e .

FIGURE 7.8. Portrait of a prewellordering.

The operation y(A4) is definite, as we gave an explicit definition of the field
h(A) and the wellordering <,(4) of y(A) from A. We can use it to define some
related, “infinitary” operations on families of well ordered sets.

*x7.26. Define a definite operation inf(&), such that for every non-empty
family & of well ordered sets, inf(&) has the following properties:
(1) inf(&) is a well ordered set.
(2) Forsome U € &, inf(¢) =, U.
(3) Forevery U € &, inf(%¢) <, U.
HINT. Look for inf(&) in the initial segments of x(|J&).

*x7.27. Define a definite operation sup(&), such that for every non-empty
family & of well ordered sets, sup(&) has the following properties:

(1) sup(&)is a well ordered set.

(2) If U € &, then U <, sup(&).

(3) If W is a well ordered set and foreach U € &, U <, W,
then sup(&) <, W.

*x7.28. Let < be a linear ordering of a set 4 and define on the poset P(A) the

mapping
m(X) =ar {y € 4] (Vx < y)[x € X]}.

Verify that  : P(4) — P(A4) is monotone and give an example where it is not
countably continuous. Prove that if 4,, is the least fixed point of 7, then

x €A, < {(s,1) € A x A|s <t < x}isawellordering.

There are situations where it is easier to use the proof of the Fixed Point
Theorem 7.35 rather than its statement.

*x7.29. Detailed Fixed Point Theorem. For each expansive or monotone map-
ping 7 : P — P on an inductive poset P, there exists a subset D C P with the
following properties:

1. D is a well ordered chain in P.
2. Every member of D is determined from its predecessors by the formula

x=n(sup{y € D |y <x}).
3. No pointin D is a fixed point of z.
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4. The point z(sup D) is a fixed point of 7,
n(n(sup D)) = n(sup D).
5. If = is monotone, then z(sup D) is the least fixed point of 7.
Prove also that these conditions determine D uniquely.

*x7.30. Suppose P and Q are inductive posets and 7 : P x Q — P is a
monotone mapping on the product and define the mapping p : Q — P by
appealing to Problem x6.4 and the Least Fixed Point Theorem 7.36,

p(y) = (ux € P)[n(x.p) = x] (7-40)
= the least fixed point of z(x, y) = x.

Prove that p is a monotone mapping, and if z is countably continuous, then
SO 1S p.
*x7.31. Bekic-Scott Rule. Suppose P;, P, are inductive posets, and
7112P1XP2—>P1, 7Z22P1><P2~>P2

are monotone mappings. Using the u-notation for least fixed points of (7-40).
let

p(x2) = (uxi € P)[mi(x1, x2) = x1].
let

xy = (ux2 € Py)[ma(p(x2). x2) = x1]
be the least fixed point of the mapping x; — 7,(p(x32). x2) (which is monotone
by x7.30) and finally let

(x7.x3) = (u(x1.x2) € P1 x Po)[(m1(x1. x2). ma(x1. X2)) = (x1.x2)]
be the least fixed point in the product poset. Prove that
X5 = X3.

The problem insures that we can compute simultaneous least fixed points by
iterating the least fixed point operation (ux € P) on one inductive poset at a
time.



CHAPTER 8

CHOICES

8.1. The Axiom of Choice, AC. For any two sets 4, B and any binary relation
P C (4 xB),

(Vx € A)(3y € B)P(x.y) = (3f : 4 — B)(¥x € A)P(x. f(x)). (8-1)

This is the last and most controversial axiom of Zermelo. To understand
how such an axiom might be needed, consider the classical example of Russell,
where A is a set of pairs of shoes, B = | J 4 and

P(x,y) < yex

The function
f(x) =4 the left shoein x, (x € A)

obviously selects a shoe from each pair, in symbols (Vx € 4)P(x, f(x)). If,
however, 4 is a set of pairs of socks, then there is no obvious way to define
a function f : 4 — |J A4 which selects one sock f(x) € x from each pair,
because (as we stipulate for the example), a pair of socks comprises precisely
two perfectly identical objects. We can still prove that a selector function f
exists when A is finite, by induction on the number of elements in 4 (Problem
x8.1). But in mathematics we can imagine infinite sets of pairs of socks, and
in that case we need something like the Axiom of Choice to guarantee the
existence of such a function.

Less amusing but more significant for mathematics is the proof of the basic
theorem 2.10, where we considered a sequence Ay, A;, ... of countable sets
and began with the phrase

It is enough to prove the theorem in the special case where none of

the A4, is empty, in which case we can find for each 4,, an enumeration

N — A4,.
Perhaps for each n “we can find” (i.e., “there exists”) some enumeration 7 of
A,. but the rest of the proof needs a function (n — m,) which associates a
specific enumeration 7, with each n: which of the axioms (I) — (VI) can be used
to prove the existence of such a function? Here 4 = N, B = (N — (J;2 4,)
and

P(n.n) < n:N— A4,

so that (Va € N)(3z € B)P(n.n) from the hypothesis that each A4, is non-
empty and countable: and the Axiom of Choice guarantees precisely that there

109
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FiGURE 8.1. A selector for P C 4 x B.

exists a function f : N — B such that for each n € N, the value f(n) = 7,
satisfies P(n, m,), i.e., it enumerates 4,. Such “silent” appeals to the Axiom
of Choice, masked by the notation, are very common in mathematics and
especially in analysis, where the classical theory of limits and continuous
functions cannot be developed in a satisfactory way without choices.

If we picture P C A4 x B as a subset of the product space, then the hypothesis
(Vx € A)(3y € B)P(x,y) means that the fiber or section

P. =g {yeB|P(x.y)} (8-2)

above each x € A isnon-empty; the Axiom of Choice guarantees the existence
of a selector for P, a function f : A — B which assigns to each x € A4 exactly
one point in the fiber above it. There are two other, simple reformulations
of the axiom which express in different ways the process of “collecting into a
whole” any number of unrestricted, non-conflicting choices.

8.2. Definition. A set S is a choice set for a family of sets & if (1) S C &,
and (2) for every X € &, the intersection S N X is a singleton. A choice set S
selects from each X € & the unique member of the intersection S N X.

8.3. Exercise. If ) € &, then & does not admit a choice set. Also, if a # b, then
the family & = {{a}.{a,b},{b}} does not admit a choice set.
8.4. Theorem. The Axiom of Choice is equivalent to the following proposition:
every family & of non-empty and pairwise disjoint sets admits a choice set.
This is the version of AC postulated by Zermelo.
PROOF. Assume first the Axiom of Choice and let U = | J& be the union
of the given family of pairwise disjoint. non-empty sets, which means that

(VX € €)3x € U)[x € X].

The Axiom of Choice guarantees that there exists a function f : & — U,
such that

(VX € &)[f(X) € X]:
we set S = f[€] = {f(X) | X € &}, and the fact that the members of &
are pairwise disjoint implies easily that S intersects every member of & in a
singleton.
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For the converse, assume
(Vx € A)(3y € B)P(x.y).

set for each x € 4
U, ={(t.y) e P|t=x},
and let
& ={U, | x € 4}.
Each member of &€ is non-empty by the hypothesis and it is determined by the
constant, first member of the pairs in it, so any two members of & are disjoint.
If S is a choice set for this &, then the function

f(x) = the unique y such that (x,y) € S
easily satisfies the conclusion of the Axiom of Choice. -

8.5. Definition. A choice function for a set A is any partial function
e:P(4) — A,

such that
0AX CA=—=¢e(X)] &e(X) € X.

8.6. Lemma. The Axiom of Choice is equivalent to the assertion that every set
admits a choice function.

PrOOF. For every A, obviously (VX € P(A4) \ {0})(3y € Ay € XI:
and so, directly from the Axiom of Choice, there must exist some function
e :P(A)\ {0} — A such that

(VX € P(4)\ {0})[e(X) € X].
The converse is easy enough to leave for an exercise. -

8.7. Exercise. If every set admits a choice function, then the Axiom of Choice
is true.

8.8. But is it true? (1) Naively understood, the Axiom of Choice asserts that
if each of a set of non-conflicting choices is possible, then they can all be
made independently and their results collected into a completed whole, a set.
By this understanding it is quite obvious, it can be justified by the natural
interpretation we would give to the Powerset Axiom: when we grant sethood
to the class {X | X C A} of all subsets of 4, we truly mean all subsets of
A, including those for which the membership criterion is not determined by
some explicit law but by free choice, by chance if you will.

The Axiom of Choice is different in form from the earlier “constructive”
axioms (II) — (VI), because it postulates directly the existence of a set for
which it does not supply a definition. Each of (II) — (VI) grants sethood to
a specific, explicitly defined collection of objects, it legitimizes a special case
of the most appealing (if false) General Comprehension Principle 3.3. The
Axiom of Choice is the only Zermelo axiom other than Extensionality which is
not a special case of the General Comprehension Principle. This is misstated on
occasion, to make the claim that the Axiom of Choice is the only one which
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demands the existence of objects for which it does not supply a definition,
which is not true: the Extensionality and Powerset Axioms do the same, in a
more fundamental if indirect manner.

Zermelo introduced the Axiom of Choice explicitly in 1904, in a brief paper
in which he used it to prove that every set is well orderable. This was a
long-standing conjecture, and Cantor had outlined a proof of it in a letter to
Dedekind, then still unpublished. His proof, however (and the related proof
of the Cardinal Comparability Hypothesis), depended on intuitions about
sets which were not sufficiently explained. In contrast to this, Zermelo made
it clear, from the start, that his own detailed proof depended on the Axiom
of Choice, and he was immediately attacked for this by some of the leading
mathematicians of the time, for introducing a questionable method to derive
an implausible conclusion. Given the fact that choice principles were by no
means new to mathematics and that they permeate Cantor’s earlier reasoning,
it is fair to say that the shock was caused more by the realization of the power
of the axiom than by its meaning.

In the next, fundamental result, we establish the somewhat surprising equiv-
alence of the Axiom of Choice with two very different set theoretic claims. We
have kept the traditional names for these propositions—Axiom, Hypothesis,
Theorem—which have been attached to them by the historical accident of
when and how they were introduced in the mathematical literature.

8.9. Theorem. The following propositions are all equivalent.

(1) Axiom of Choice: Every set admits a choice function.

(2) Hypothesis of Cardinal Comparability: For any two sets A, B. either
A<.,BorB<, A.

(3) Wellordering Theorem: Every set is well orderable.

Proor. We verify, round-robin style, that each of the first two propositions
implies the next, and finally (3) = (1).

(1) = (2). By Exercise 6.17, the poset (4 »— B) of partial injections from
A to B is inductive. The idea is to define (using AC) an expansive mapping
on (4 — B) which extends properly each partial injection p : A — B whose
domain does not exhaust 4 and whose range does not exhaust B; any fixed
point of that mapping then will either be defined on all of A4, witnessing that
A <. B, orits image will exhaust B, witnessing that B <, 4.

In detail, let

EAZ'P(A)—\A, €BZP(B)—\B

be choice functions on 4 and B, supplied by the Axiom of Choice, and define
7 on (4 — B) as follows:

p U{(e4(4\ Domain(p)).ep(B \ Image(p)))}.
n(p) = if Domain(p) C 4 & Image(p) C B,
D, otherwise.
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This mapping is obviously expansive, and so by the Fixed Point Theorem 7.35,
it has a fixed point p* : 4 — B, for which

either Domain(p*) = 4 or Image(p*) = B.

Cast 1, Domain(p*) = 4. Now p* : 4 — B is an injection of 4 into B,
and so 4 <, B.

CasE 2, Image(p*) = B. In this case, p* is a bijection of Domain(p*) with
B. and so B =, Domain(p*) C 4 and hence B <, A.

(2) = (3). By the Cardinal Comparability Hypothesis, either 4 <. h(A)
orh(A) <. A.where h(A) is the Hartogs set for 4; but 1(A4) £, A by Hartogs’
Theorem 7.34, and so 4 <. h(A); in addition, #(A) is well orderable, and
hence A4 is also wellorderable by Exercise 7.3.

(3) = (1). If < is a wellordering of A, then the partial function

€(X) = the <-least member of X

is